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RADIATIVE ASPECTS O F  LUNAR MATERIALS 

CHAPTER I 

In% r o d ~ i c  t i o n  

1-1  

T h i s  r e p o r t  i s  d i v i d e d  i n t o  t h r e e  main c h a p t e r s ,  e a c h  

wLth i t s  own r e f e r e n c e s  and a p p e n d i c e s ,  w i t h  e a c h  c h a p t e r  

paged i n d e p e n d e n t l y  o f  t h e  o t h e r s .  I n  t h e  f o l l o w i n g  two 

c h a p t e r s  we d i s c u s s  t h e  p h o t o m e t r i c  a s p e c t s  o f  l u n a r  m a t e r i a l s ;  

i n  t h e  t h i r d  c h a p t e r  t h e  i n f r a r e d  a s p e c t s  a r e  d i s c u s s e d .  

F i n e  d e t a i l s  of t h e  wavelength  dependence of' l u n a r  r a d i a t i o n  

a re  n o t  c o n e i a e r e d  i n  t h i s  r e p o r t ;  r a t h e r  t h e  t w o  p r i n c i p a l  

wave leng th  r e g i o n s  of v i s i b l e  and i n f r a r e d  r a d i a t i o n  a r e  

c o n s i d e r e d  s e p a r a t e l y ,  

I n  C h a p t e r  11, w e  d i s c u s s  an  improved p h o t o m e t r i c  f u n c t i o n  

which a p p e a r s  t o  r e p r e s e n t  o b s e r v a t i o n s  of  r a d i a n c e  o f  t h e  

l u n a r  s u r f a c e  by p h o t o m e t r i c  means, as  a f u n c t i o n  o f  a n g l e  o f  

i n c i d e n c e ,  a n g l e  o f  o b s e r v a t i o n ,  and phase  a n g l e  t o  w i t h i n  

r a t h e r  s m a l l  l i m i t s  o f  e r r o r .  C a l c u l a t i o n s  o f  t h e  r o a t  mean 

s q u a r e  d e v i a t i o n  of  t h e  ma themat i ca l  e x p r e s s i o n  p r e s e n t e d  h e r e  

f r o m  t h e  obse rved  r a d i a n c e s ,  g e n e r a l l y  v a r y  from 4% t o  11%. 

T h i s  f u n c t i o n  s e e m s  t o  g i v e  a s a t i s f a c t o r y  r e p r e s e n t a t i o n  o f  

t h e  r a d i a n c e  o f  t h e  l u n a r  s u r f a c e .  I n  t h i s  f u n c t i o n  a re  t w o .  

a d j u s t a b l e  pa rame te r s - - the  normal a l b e d o  and a p a r a m e t e r  g ,  

c a l l e d  t h e  compact ion  p a r a m e t e r ,  which r e p r e s e n t s  r o u g h l y  t h e  

d e g r e e  of p o r o s i t y  o f  t h e  l u n a r  s u r f a c e .  Va lues  o f  t h i s  som- 

p a c t i o n  p a r a m e t e r  v a r y  f rom about  .20 t o  .95 f o r  v a r i o u s  t y p e s  

o f  s u r f a c e  f e a t b r e s .  
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I n  t h e  a p p e n d i c e s  t o  C h a p t e r 7 1  a r e  g i v e n  t a b l e s  f rom 

2 which may be o b t a i n e d  t h e  t o t a l  e n e r g y  r e f l e c t e d  p e r  cm p e r  

min i n t o  a l l  a n g l e s ,  f r o m  a s u r f a c e  f e a t u r e  o f  known normal  

a l b e d o  and compact ion  p a r a m e t e r ,  a t  a n y  g i v e n  a n g l e  o f  

i l l u m i n a t i o n  f r o m  t h e  sun.  Because of  t h e  c o m p l i c a t e d  n a t u r e  

of  t h e  dependence o f  t h e  p h o t o m e t r i c  f u n c t i o n  on a n g l e ,  and 

because  t h e r e  are s o  many ang le s  upon which i t  depends ,  w e  

have n o t  computed t a b l e s  o f  t h e  p h o t o m e t r i c  f u n c t i o n  i t s e l f  

e x c e p t  for c e r t a i n  s e l e c t e d  s u r f a c e  f e a t u r e s .  

I n  C h a p t e r  3 are  p l a c e d  a l l  d e r i v a t i o n s  o f  t h e  photo-  

m e t r i c  f u n c t i o n s  c o n s i d e r e d  f o r  n u m e r i c a l  c a l c u l a t i o n s ,  based  

on a model of t h e  rough l u n a r  s u r f a c e .  

I n  C h a p t e r  4 w e  p r e s e n t  a m a t h e m a t i c a l  e x p r e s s i o n  which 

r e p r e s e n t s  t o  t h e  b e s t  o f  our a b i l i t y  t h e  d i r e c t i o n a l  c h a r a c t e r -  

i s t i c s  of t h e  i n f r a r e d  r a d i a t i o n . f r o m  t h e  l u n a r  s u r f a c e .  A 

r i g o r o u s  d e r i v a t i o n  o f  t h i s  f u n c t i o n  i s  n o t  g i v e n  ; however ,  

w e  p r e s e n t  a v e r y  s i m p l e  model f rom which t h e  main f e a t u r e s  of  

t h i s  m a t h e m a t i c a l  e x p r e s s i o n  f o l l o w .  A number of compar i sons  

w i t h  o b s e r v a t i o n a l  d a t a - - p a r t i c u l a r l y  t h a t  o f  S a a r i  and 

S h o r t h i l l - - a r e  g i v e n ,  G e n e r a l l y  s p e a k i n g  t h e  e r r o r  i n  e n e r g y  

u n i t s  o f  t h e s e  r e s u l t s  i s  of t h e  o r d e r  of 5%; i n  t e r m s  o f  

t e m p e r a t u r e  t h e  e r r o r  i s  about  a q u a r t e r  o f  t h i s .  
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CHAPTER I1 

NUMERICAL CALCULATIONS OF PHOTOMETRIC FUNCTION 

2- 1 

1 
B, W .  Hapke h a s  g i v e n  a d e r i v a t i o n  o f  a p h o t o m e t r i c  

f u n c t i o n  f o r  t h e  l u n a r  s u r f a c e  which a p p e a r s  t o  a g r e e  e x t r e m e l y  

w e l l  w i t h  o b s e r v a t i o n s .  One may wonder t h e n  what p o s s i b l e  

improvements cou ld  be made i n  t h i s  f u n c t i o n .  We w i l l  p o i n t  

ou t  w h a t  a p p e a r s  t o  be a s e r i o u s  d e f i c i e n c y  i n  H a p k e ' s  t h e o r e t i -  

c a l  r e t r o d i r e c t i v e  f u n c t i o n  and hence i n  h i s  p h o t o m e t r i c  f u n c t i o n .  

F i r s t  w e  n o t e  t h a t  t h e  ene rgy  r e f l e c t e d  p e r  u n i t  t ime  ( i n  

s e c )  p e r  u n i t  s o l i d  a n g l e  f r o m  a u n i t  a r e a  ( i n  cm 2 ) of t h e  

l u n a r  s u r f a c e  i s  w r i t t e n  a c c o r d i n g  t o  Hapke i n  t h e  f o r m  

where t h e  f a c t o r  C O H  a r i s e s  p u r e l y  f r o m  t h e  geometry  o f  t h e  

o u t g o i n g  r a y ,  S o  i s  t h e  s o l a r  c o n s t a n t  and p i s  t h e  r a d i a n c e  

f a c t o r .  The b r i g h t n e s s  o r  r a d i a n c e  B ( i , c  ,%)  i s  g i v e n  i n  t e r m s  

of t h e  p h o t o m e t r i c  f u n c t i o n  g ( i , c  , a )  by 

w h e r e  a i s  t h e  n o r m a l  a lbedo .  The r a d i a n c e  f a c t o r  p i s  d e f i n e d  

by 1 
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According  t o  Hapke's r e s u l t s  t h e  p h o t o m e t r i c  f u n c t i o n  

may be w r i t t e n  a s  t h e  p r o d u c t  o f  t h r e e  t e r m s :  

The f a c t o r  c o s i / ( c o s i + c o ~ )  i s  j u s t  t h e  well-known L o m m e l -  
I 

S e e l i g e r  l a w ,  ) ( a )  i s  t h e  s c a t t e r i n g  l a w  o f  an i n d i v i d u a l  
A 

o b j e c t ,  and B ( a  , g )  i s  t h e  r e t r o d i r e c t i v e  f u n c t i o n .  

A comple te  d i s c u s s i o n  of t h e  d e r i v a t i o n  o f  t h e  above  

e x p r e s s i o n s  i s  g i v e n  i n  Chap te r  3 ;  i n  t h i s  c h a p t e r  we w i s h  

o n l y  t o  d i s c u s s  t h e  r e s u l t s  o f  n u m e r i c a l  c a l c u l a t i o n s  performed 

u s i n g  Hapke ' s  r e t r o d i r e c t i v e  f u n c t i o n ,  which i s  g i v e n  by 

( 5 )  
Y 

A l s o ,  t h e  s c a t t e r i n g  l a w  ) (z) i s  g i v e n  by 
J 

Now i n  comparing t h e  observed r a d i a n c e s  w i t h  t h e  above 

p h o t o m e t r i c  f u n c t i o n ,  Hapke used t h e  d a t a  o f  F e d o r e t z 2  f o r  

s e l e c t e d  l u n a r  f e a t u r e s .  T h i s  means t h a t  t h e  a n g l e  of  
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o b s e r v a t i o n  c i s  f i x e d ,  ( s i n c e  t h e  moon d o e s  n o t  r o t a t e  w h i l e  t h e  

a n g l e  of  i n c i d e n c e  i v a r i e s )  f o r  a p a r t i c u l a r  s u r f a c e  f e a t u r e .  

Q u i t e  good f i t s  t o  t h e  o b s e r v a t i o n a l  d a t a  c a n  be o b t a i n e d .  How- 

eve r  by  comparing d i f f e r e n t  c u r v e s ,  f o r  d i f f e r e n t  s u r f a c e  f e a t u r e s - -  

and hence  f o r  d i f f e r e n t  a n g l e s  o f  o b s e r v a t i o n  c ,  one n o t i c e s  a 

s y s t e m a t i c  dependence of  t he  compact ion  p a r a m e t e r  on a n g l e  o f  

o b s e r v a t i o n .  F o r  Mare N e c t a r i s ,  Mare S e r e n i t a t i s ,  P t o l m a e u s ,  and 

P i t a t u s  which a r e  l o c a t e d  a t  a n g l e s  F l e s s  35" ,  Hapke g i v e s  t h e  

compact ion  p a r a m e t e r  g = 0 .6 .  For  Mare Imbrium and Tycho, which 

a r e  l o c a t e d  a t  a n g l e s  of  o b s e r v a t i o n  g r e a t e r  t h a n  35",  t h e  com- 

p a c t i o n  p a r a m e t e r  i s  0 .4 .  

T h i s  a p p a r e n t  dependence o f  compact ion  p a r a m e t e r  on a n g l e  of  

o b s e r v a t i o n  i s  made even  more e v i d e n t  whem comparing Hapke ' s  photo-  

m e t r i c  f u n c t i o n  t o  t h e  d a t a  of O r l o v a 3  ' f o r  t e r r a e  or m a r i a ,  p a r t i -  

c u l a r l y  i f  one c h o o s e s  a f i x e d  a n g l e  o f  i n c i d e n c e .  F o r  example i n  

F i g u r e  2-1 i s  p l o t t e d  t h e  observed  r a d i a n c e  f a c t o r s  f o r  t e r r a e  a t  

t h e  s u b s o l a r  p o i n t .  A Hapke p h o t o m e t r i c  f u n c t i o n  which b e s t  f i t s  

the d a t a  on t e r r a e  c o r r e s p o n d s  t o  a compact ion  p a r a m e t e r  o f  0.51 

and i s  a l s o  p l o t t e d  on t h e  same f i g u r e .  It i s  s e e n  t h a t  a t  s m a l l  

a n g l e s  o f  i n c i d e n c e  t h e  Hapke f u n c t i o n  g ives  t o o  l i t t l e  r a d i a n c e  

w h i l e  a t  l a r g e r  a n g l e s  o f  i n c i d e n c e  i t  g ives  c o n s i d e r a b l y  t o o  much 

r a d i a n c e .  These  f e a t u r e s  made i t  d i f f i c u l t  f o r  u s  t o  o b t a i n  c o n s i s -  

t e n t l y  good f i t s  to r a d i a n c e  d a t a  w i t h  a Hapke p h o t o m e t r i c  f u n c t i o n .  

Consequen t ly  w e  re-examined t h e  model on which t h e  d e r i v a -  

t i o n  o f  Hapke was based ,  T h i s  d u s c u s s i o n  i s  g i v e n  i n  d e t a i l  i n  

C h a p t e r  111. By v a r i o u s  m o d i f i c a t i o n s  o f  t h e  model ,  a number 

o f  o t h e r  p h o t o m e t r i c  f u n c t i o n s  were d e r i v e d .  Numer ica l  
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c a l c u l a t i o n s  w e r e  per formed w i t h  two o f  t h e s e  n e w  p h o t o m e t r i c  

f u n c t i o n s  d u r i n g  t h e  c o u r s e  o f  t h i s  work. I n  t h e  f i r s t  o f  

t h e s e ,  t h e  f i r s t  p a r t  o f  E q u a t i o n  ( 5 )  i s  r e p l a c e d  by :  

2 t a m  + 4s im 2 t a m e - g / t a ~  B ( a , g )  = 2.0- 2+ g g g ( l + 2 c o S a )  

The second of t h e s e ,  which we s h a l l  r e f e r  t o  a s  t h e  "new" 

r e t r o d i r e c t i v e  f u n c t i o n ,  i s  g i v e n  b y :  

where s ( i , c )  i s  g i v e n  by:  

s ( i , c  ) = - (cos i+cosc  1 )(- 1 +-) 1 . 
2 c o s i  cos€ 

( 9 )  
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We n o t e  t h a t  if s i n  E q u a t i o n  ( 8 )  i s  p l a c e d  e q u a l  t o  2 ,  t h e  

Hapke p h o t o m e t r i c  f u n c t i o n  i s  obtained. ,  I n  t h e  l a t t e r  f o r m ,  

t h e  I rnew"  r e t r o d i r e c t i v e  f u n c t i o n  h a s  a more c o m p l i c a t e d  

dependence on b o t h  a n g l e  o f  i n c i d e n c e  and a n g l e  o f  r e f l e c t i o n  

t h a n  d o e s  t h e  r e t r o d i r e c t i v e  f u n c t i o n  of  Hapke. 

The r a d i a n c e  c a l c u l a t e d  u s i n g  t h e  new r e t r o d i r e c t i v e  

f u n c t i o n ,  E q u a t i o n  ( 8 )  i s  a l s o  p l o t t e d  i n  F i g u r e  2-1.  It i s  

s e e n  t h a t  c o n s i d e r a b l y  b e t t e r  agreement  w i t h  t h e  d a t a  i s  

o b t a i n e d ,  e x c e p t  for f n e a r  o O o .  

E n e r g y  R e f l e c t e d  f r o m 2 u n a r  T e r r a e  and Maria 

W e  used  a Hapke p h o t o m e t r i c  f u n c t i o n  ( E q u a t i o n  5 ) ,  t h e  

f u n c t i o n  g i v e n  by E q u a t i o n  ( 7 ) ,  and t h e  "new" f u n c t i o n  g i v e n  

by E q u a t i o n  ( 8 ) ,  i n  compar isons  between c a l c u l a t i o n s  and 
c 

o b s e r v a t i o n  f o r  l u n a r  t e r r a e  and m a r i a .  F o r  d a t a  w e  u s e d  

t h e  t a b l e s  o f  O r l o v a 3  f o r  t e r r a e  and m a r i a  a l o n g  t h e  l u n a r  
. 

e q u a t o r .  I n  T a b l e  I i s  g i v e n  t h e  r e s u l t s  f o r  r m s  e r r o r  and 

compact ion  p a r a m e t e r  for t h e s e  f e a t u r e s .  
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Radiance  C a l c u l a t e d '  

Us ing  

- 

TABLE I 

Compaction ~ . m ,  s .  d e v i a t i o n  
, P a r a m e t e r ,  between t h e o r y  & 

g ' o b s e r v a t i o n ,  i n  Type o f  
,cal/cm2min s t e r a d  Forma t ion  

- -- - 

Comparison o f  R e t r o d i r e c t i v e  F u n c t i o n s  w i t h  O b s e r v a t i o n ,  a l o n g  
Lunar  E q u a t o r ,  f o r  t e r r ae .  

The "new1' r e t r o d i r e c t i v e  f u n c t i o n  g i v e s  by  f a r  t h e  b e s t  f i t .  

Because  o f  t h i s  s u c c e s s ,  and s i m i l a r  s u c c e s s e s  w i t h  m a r i a  and 

o t h e r  l u n a r  f o r m a t i o n s ,  we used  t h e  new r e t r o d i r e c t i v e  f u n c t i o n ,  

E q u a t i o n  ( 8 ) ,  i n  a l l  t h e  f o l l o w i n g  c a l c u l a t i o n s .  

W e  found t h a t  f o r  m a r i a ,  t h e  b e s t  f i t  for g w a s  g = 0 , 4 3  
2 w i t h  a rms e r r o r  o f  .OO27 cal /cm min s t e r a d .  

I n  Appendix I are  reproduced  t a b l e s  of Orlava f o r  l u n a r  

t e r r a e  and m a r i a ,  t o g e t h e r  w i t h  t a b l e s  c a l c u l a t e d  f o r  t h e s e  

f e a t u r e s  u s i n g  t h e  above-mentioned compact ion  p a r a m e t e r s .  

W e  assumed t h a t  t h e  m a r i a  have a n  a v e r a g e  normal  a l b e d o  o f  

0.081, and t h a t  t h e  t e r r a e  have a n  a v e r a g e  normal  a l b e d o  of  

0 ,124 ,  I n  w e l l  o v e r  a t h i r d  o f  t h e  e n t r i e s  i n  t h e  t a b l e s ,  ,f 

F 

I 



t 

L 

2-8 

t h e  agreement  between c a l c u l a t i o n  and o b s e r v a t i o n  i s  .001 

or b e t t e r .  

The r e s u l t i n g  e x p r e s s i o n s  f o r  t h e  e n e r g y  r e f l e c t e d  f r o m  

m a r i a  and t e r r a e  have been i n t e g r a t e d  ove r  a l l  a n g l e s  t o  o b t a i n  

t t -e  t o t a l  e n e r g y  r e f l e c t e d  i n t o  a l l  a n g l e s  p e r  cm p e r  min as 9 

f u n c t i o n  of  a n g l e  of i n c i d e n c e .  The r e s u l t s  are g i v e n  i n  

T a b l e  A-5,  i n  t h e  Appendix t o  C h a p t e r  2 .  

2 
Y .  
.i 

:* 
A s  t h e  m o s t  abundant  l u n a r  f o r m a t i o n s  a r e  m a r i a  and t e r r a e ,  

t h e  a v e r a g e  f o r  t h e  e n t i r e  moon of t h e  r e f l e c t e d  e n e r g y  l i e s  

somewhere between t h e  e n t r i e s  i n  t h e  t w o  columns i n  T a b l e  A - 5 ,  
4 E a r l i e r  i t  had been  shown t h a t  t h e  ave rage  e n e r g y  r e f l e c t e d  

f r o m  t h e  s u b s o l a r  p o i n t  i s  0.106 + ,010 cal /cm m i n .  2 

Compaction P a r a m e t e r s  f o r  o t h e r  l u n a r  f o r m a t i o n s  

I n  t h e  compar ison  o f  c a l c u l a t e d  p h o t o m e t r i c  b r i g h t n e s s  

w i t h  o b s e r v a t i o n s ,  one d i f f i c u l t y  had p r e v i o u s l y  been t h a t  

a t  l a r g e  angles  o f  i n c i d e n c e ,  t h e  c a l c u l a t e d  b r i g h t n e s s  h a s  

been  t o o  s m a l l .  The major  p o r t i o n  o f  t h i s  d i f f i c u l t y  may be 

e l i m i n a t e d  as f o l l o w s ,  The bu lk  o f  t h e  e x p e r i m e n t a l  d a t a  comes 

f r o m  F e d o r e t z , 2  w h o  used  a b r i g h t n e s s  s c a l e  f o r  h i s  r a d i a n c e  

measurements  which ranged f r o m  0 t o  5. I n  c o n v e r t i n g  t h i s  

d a t a  t o  r a d i a n c e  f a c t o r s ,  van  Digge len  compared t h e  d a t a  o f  

F e d o r e t z  w i t h  o b s e r v a t i o n s  made by h i m s e l f 5  t o  o b t a i n  a s c a l e  

of c o n v e r s i o n  f r o m  F e d o r e t z ’ s  b r i g h t n e s s  B ,  t o  r a d i a n c e  

f a c t o r  p The r e s u l t  w a s  t h a t  van  Digge len  used  t h e  c o n v e r s i o n  

., 
p = .03334B -I- ,005 . (10)  
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(See  r e f e r e n c e  5 ,  F i g u r e  2 0 ) ,  T h i s  means t h a t  i f  F e d o r e t z ' s  

observed b r i g h t n e s s  i s  z e r o ,  van D i g g e l e n ' s  c o n v e r t e d  v a l u e  

would be . O O 5 ;  t h i s  i s  h a r d l y  r e a s o n a b l e .  It a p p e a r s  t h a t  i n  

c o n v e r t i n g  F e d o r e t z ' s  d a t a  f o r  h i s  own u s e ,  van Digge len  t h u s  

i n t r o d u c e d  a s y s t e m a t i c  e r r o r  which i s  p a r t i c u l a r l y  s i g n i f i c a n t  

f o r  c o n d i t i o n s  of l o w  b r i g h t n e s s .  Such a s y s t e m a t i c  e r r o r  might  

p o s s i b l y  be due t o  fogg ing  of t h e  p l a t e s  u sed  by van D i g g e l e n ,  

b u t  t h i s  i s  s p e c u l a t i o n .  

W e  have t h e r e f o r e  found it  n e c e s s a r y  t o  conve r t  F e d o r e t z ' s  

measurements  t o  r a d i a n c e  f a c t o r s  by  means o f  a d i f f e r e n t  con- 

v e r s i o n .  For want of b e t t e r  i n f o r m a t i o n ,  we have used  a 

s t r i c  t p r o p o r t i o n a l i t y  : 

and have compared t h e  d a t a  s o  c o n v e r t e d  f o r  s e v e r a l  a r e a s  on 

t h e  l u n a r  s u r f a c e ,  w i t h  t h e  new pho tomet r i c  f u n c t i o n ,  We f i n d  

t h a t  t h e  d i f f i c u l t y  a t  l a r g e  a n g l e s  o f  i n c i d e n c e  i s  a l m o s t  

e n t i r e l y  e l i m i n a t e d .  

I n  Tab le  11, we g i v e  t h e  b e s t  v a l u e s  f o r  compact ion pa ra -  

m e t e r  and normal a l b e d o  f o r  c e r t a i n  s e l e c t e d  f e a t u r e s  o f  t h e  

l u n a r  s u r f a c e ,  and f o r  comparison w e  a l s o  g i v e  where p o s s i b l e  

t h e  compact ion p a r a m e t e r s  f o r  t h e  same f e a t u r e s  as de te rmined  

by Hapke. R o o t  mean s q u a r e  e r r o r s  a r e  a l s o  g i v e n  where 

p o s s i b l e .  

I 
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TABLE I1 

Compaction P a r a m e t e r s  and normal a l b e d o e s  for S e l e c t e d  F e a t u r e s  
on t h e  l u n a r  s u r f a c e .  

N o r m a l  Compaction r . m . s , ,  e r r o r  g g i v e n  F e d o r e t z  
F e a t u r e  Albedo Pa rame te r  ( U n i t s  o f  ra- by Number 

g d i a n c e  f a c t o r )  Hapke 

Maria .081 0 43 

625 

0042 

.0054 T e r r a e  .124 

Mountains  
below mare 
ne c t a r i  s e 090 65  

.46 

0 0020  , 6  

. 4  

123  

M a  r e  
Imbrium 0057 83 

B r i g h t  r a y  
i n  mare 
S e r e n i t a t u s  .O7l .24 .0024 .4  13 

Near ray,  
Ma r e  
S e r e n i t a t u s  .065 14 

97 

10 

61 

96 

52 

. I 8  

0 76 

59 

1.03 

73 

.82  

.0031 

.0103 

.0044 

.OI-67 

.0046 

00073 

.6  

C l a v i u s  . I 3 0  

Clomedes 086 - 
.4  

.6  

. 6  

Tycho . I 3 3  

P i t a t u s  .069 

P to lmaeus  .081 

Ocean o f  
S torms .050 -87  .0040 156 

161 
Ocean o f  
S torms .065 .0038 

Ocean of 
S torms 053 47 0028 I 62 
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The wide d i s p o r i t y  between compact ion  p a r a m e t e r s  d e t e r -  

mined u s i n g  a H a p k e  r e t r o d i r e c t i v e  f u n c t i o n ,  and t h e  Itnew" 

r e t r o d i r e c t i v e  f u n c t i o n ,  should  be p a r t i c u l a r l y  n o t e d .  One 

s h o u l d  v i e w  w i t h  c o n s i d e r a b l e  c a u t i o n  p r e d i c t i o n s  made a b o u t  

t h e  a c t u a l  p o r o s i t y  of t h e  l u n a r  s u r f a c e  on t h e  b a s i s  o f  such  

c a l c u l a t i o n s ,  s i n c e  t h e  v a l u e s  of t h e  compact ion  p a r a m e t e r  

are s o  dependent  on t h e  model. 

W e  have i n c l u d e d  i n  t h e  t a b l e  t h e  a v a i l a b l e  r e s u l t s  for 

t h r e e  p o s i t i o n s  w i t h i n  t h e  ocean of  s t o r m s ,  as t h a t  i s  t h e  

p o s i t i o n  o f  Su rveyor  I. We f i n d  a n  average compact ion  p a r a -  

m e t e r  for t h e  ocean of s torms  o f  0 .62.  

W e  n o t e  a l s o  t h a t  s i n c e  our c o n v e r s i o n ,  E q u a t i o n  ( 1 1 )  

i s  s t r i c t l y  l i n e a r ,  t h e  normal a l b e d o e s  o b t a i n e d  by u s  w i l l  

i n  g e n e r a l  be somewhat l ower  t h a n  t h o s e  t a b u l a t e d  by van  

D i g g e l e n .  

It i s  n o t  d i f f i c u l t  t o  d e t e r m i n e  t h e  compact ion  p a r a m e t e r s  

for a g i v e n  l u n a r  f o r m a t i o n ,  p r o v i d e d  p h o t o m e t r i c  d a t a  as a 

f u n c t i o n  of  i.,€ and CI a re  a v a i l a b l e .  V a n  D i g g e l e n ' s  and 

F e d o r e t z '  d a t a  a re  q u i t e  s u i t a b l e  f o r  t h i s .  W e  have  a com- 

p u t e r  program which ,  g i v e n  any number of d a t a  p o i n t s  ( l e s s  

t h a n  1 5 O ) ,  searches f o r  t h e  compact ion p a r a m e t e r  and normal  

a l b e d o  which g i v e s  t h e  l e a s t  s q u a r e s  f i t  w i t h  t h e  d a t a ,  u s i n g  

t h e  n e w  r e t r o d i r e c t i v e  f u n c t i o n ,  E q u a t i o n  ( 8 ) .  T h i s  p r o g r a m  

i s  r ep roduced  i n  Appendix ITC. The program a l s o  computes  

and p r i n t s  a c a l c u l a t e d  v a l u e  o f  t h e  r a d i a n c e  f a c t o r  f o r  e a c h  
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i n p u t  v a l u e  u s e d  i n  t h e  l e a s t  squares s e a r c h .  A s a m p l e  of 

t h e  o u t p u t  i s  a l s o  i n c l u d e d  i n  Appendix I I C .  

Average Normal Albedo 

6 
S a a r i  and S h o r t h i l l  g i v e  a s t a t i s t i c a l  d i s t r i b u t i o n  

o f  normal  a l b e d o  f rom which a r e a s o n a b l y  r e l i a b l e  average 

m a y  be o b t a i n e d .  The r e s u l t i n g  average i s  .095 which m u s t  

be c o r r e c t e d ,  however ,  as the  S a a r i - S h o r t h i l l  d a t a  a re  

a d j u s t e d  t o  t h e  b r i g h t n e s s  l e v e l s  o f  S y t i n s k a y a 7  which are 

t o o  low. 

values which  on t h e  a v e r a g e  amount t o  an i n c r e a s e  of  9.7%. 

S i n c e  S y t i n s k a y a '  s ave rage  normal a l b e d o  i s  0 . 0 9 8 ( 8 ) ,  t h e  

c o r r e c t e d  normal  a l b e d o  averaged  f o r  t h e  whole moon i s  

O r l o v a 3  h a s  g i v e n  c o r r e c t i o n s  t o  S y t i n s k a y a ' s  

a X 
.098 l .097  = 0.106 . 

T h i s  m a y  be compared t o  t h e  v a l u e  0.105 f o r  t h e  whole moon 

g iven  by R u s s e l l .  Thus  t h e  measurements  of t h e  ave rage  

normal  a l b e d o  s e e m  t o  be  i n  agreement .  I n  T a b l e  A - 6  w e  have  

t h e  e n e r g y  f r o m  a l u n a r  f o r m a t i o n ,  i n t e g r a t e d  over  a l l  a n g l e s .  

The t a b l e s  a r e  f o r  a n  assumed normal  a l b e d o  o f  u n i t y ,  f o r  

v a r i o u s  compact ion  p a r a m e t e r s  and f o r  v a r i o u s  a n g l e s  o f  

i n c i d e n c e .  E n e r g i e s  a r e  i n  u n i t s  of c a l o r i e s  p e r  s q u a r  

c e n t i m e t e r  p e r  minute .  Thus if t h e  compact ion  p a r a m e t e r  and 

normal  a l b e d o  o f  a p a r t i c u l a r  f o r m a t i o n  a r e  known, t h e  i n t e -  

g r a t e d  e n e r g y  of any a n g l e  of  i l l u m i n a t i o n  may be found by 

l o o k i n g  up  t h e  e n e r g y  g i v e n  i n  t h e  t a b l e  f o r  t h a t  v a l u e  

8 
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of g and i ,  and t h e n  m u l t i p l y i n g  t h e  e n t r y  by t h e  normal 

a l b e d o ,  F o r  example ,  f o r  Tycho a t  an  a n g l e  o f  i l l u m i n a t i o n  

o f  600 ,  s i n c e  t h e  compact ion p a r a m e t e r  ( f r o m  T a b l e  11) i s  

1 . O 3 ,  w e  f i n d  w i t h  i n t e r p o l a t i o n  an  a n e r g y  e n t r y  o f  .611 

S i n c e  t h e  normal a l b e d o  i s  J 3 3 ,  t h e  e n e r g y  r e f l e c t e d  i n t o  

a l l  a n g l e s  u n d e r  t h e s e  c o n d i t i o n s  f r o m  Tycho s h o u l d  be . I 3 3  

X .611 o r  . 0 8 1 2  c a l j c m  min. 2 

When u s e d  i n  c o n j u n c t i o n  w i t h  t a b l e s  o f  t h e  e n e r g y  con- 

d u c t e d  i n t o  t h e  s u r f a c e ,  q u i t e  a c c u r a t e  e s t i m a t e s  o f  t h e  i n t e -  

g r a t e d  i n f r a r e d  r a d i a n t  energy  may be made f r o m  c o n s i d e r a t i o n s  

o f  e n e r g y  b a l a n c e .  F o r  example,  suppose w e  t a k e  f o r  t h e  whole 

moon a n  ave rage  normal a lbedo  of . 106 ,  and an  a v e r a g e  compact ion 

p a r a m e t e r  of 0.51. Then t h e  e n e r g y  r e f l e c t e d  f r o m  t h e  s u b s o l a r  

p o i n t  shou ld  be 0 ,0964 cal/cm min. The e n e r g y  conducted  i n t o  

t h e  s u r f a c e  a t  t h i s  p o i n t  i s  , 0103  cal /cm min, and t h e r e  a r e  

2 

2 

n o  o t h e r  i m p o r t a n t  s o u r c e s  o r  s i n k s  of  ene rgy .  T h e r e f o r e  

u s i n g  1 . 9 9  cal /cm min a s  t he  i n p u t  e n e r g y  f r o m  t h e  s u n ,  t h i s  

l e a v e s  1 .88  cal /cm min which shou ld  be e m i t t e d  i n  t h e  f o r m  of  

2 

2 

h e a t  r a d i a t i o n .  Such v a l u e s  o b t a i n e d  by e n e r g y  b a l a n c e  are  

p r o b a b l y  i n  e r r o r  by no m o r e  t h a n  1 . 5 $ o  W e  have adop ted  t h e  

v a l u e  1.88 ca l /cm min f r o m  t he  s u b s o l a r  p o i n t  i n  o u r  d i s c u s s i o n  2 

o f  i n f r a r e d  e n e r g y  i n  Chap te r  I V ,  i n  o r d e r  t o  d e t e r m i n e  some 

o f  t h e  a d j u s t a b l e  p a r a m e t e r s .  
4 

F i n a l l y  w e  n o t e  t h a t  t he  new p h o t o m e t r i c  f u n c t i o n ,  

E q u a t i o n  ( 8 ) ,  a p p e a r s  t o  approach z e r o  a l i t t l e  t o o  r a p i d l y  

a t  a n g l e s  of i n c i d e n c e  n e a r  9 0 " .  T h i s  i s  because  o f  t h e  f a c t o r  
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s( i , c  ) ,  which i n t r o d u c e s  a n  e x t r a  c o s i  i n t o  t h e  numera tor  

making t h e  b r i g h t n e s s  approach z e r o  as  c o s 2 i  f o r  i n e a r  g o 0 .  

From t h e  o v e r a l l  p o i n t  of view of  t h e  amount o f  e n e r g y  

i n v o l v e d ,  t h i s  error i s  s l i g h t .  However, i t  i s  a n  a d m i t t e d  

d e f e c t  of  t h e  p h o t o m e t r i c  func t ion . ,  A b e t t e r  p h o t o m e t r i c  

f u n c t i o n  c o u l d  be obta ined- -wi thout  any  p a r t i c u l a r  t h e o r e t i c a l  

. j u s t i f i c a t i o n - - b y  r e p l a c i n g  c o s i  i n  s ( i , f  ) by c o s i + a ;  a i s  a 

number of t h e  o r d e r  of 0.1.  However we have n o t  c a r r i e d  o u t  

a d e t a i l e d  i n v e s t i g a t i o n  o f  t h i s ,  

F u r t h e r  s l i g h t  improvements i n  t h e  p h o t o m e t r i c  f u n c t i o n  

m a y  be made by modi fy ing  t h e  s c a t t e r i n g  f u n c t i o n  r(.r.), i n  

E q u a t i o n  ( 6 ) .  However due t o  t h e  s c a t t e r  i n  t h e  r a w  d a t a ,  

--I 

and t h e  c r u d e n e s s  i n  t h e  model, i t  does  n o t  seem l i k e l y  t h a t  

such e f f o r t s  w i l l  l e a d  t o  improved u n d e r s t a n d i n g  of t h e  

d i r e c t i o n a l  c h a r a c t e r i s t i c s  o f  l u n a r  r e f l e c t e d  r a d i a t i o n .  
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C o n c l u s i o n s  

W e  have p r e s e n t e d  numerous n u m e r i c a l  c a l c u l a t i o n s  based  

on a new p h o t o m e t r i c  f u n c t i o n ,  E q u a t i o n  ( 8 ) ,  which depends  on 

a c o m p l i c a t e d  way a n  a n g l e  o f  i n c i d e n c e ,  a n g l e  o f  o b s e r v a t i o n ,  

and phase  a n g l e .  The agreement  w i t h  o b s e r v a t i o n s  i s  much i m -  

p roved  w i t h  r e s p e c t  t o  e a r l i e r  p h o t o m e t r i c  f u n c t i o n s .  A 

s y s t e m a t i c  e r r o r  i n  t h e  c o n v e r s i o n s  of van  Digge len  h a s  been 

p o i n t e d  o u t ,  l e a d i n g  t o  improved agreement  between t h e o r y  and 

o b s e r v a t i o n s  a t  t h e  l a r g e r  a n g l e s  o f  i n c i d e n c e ,  The r e s u l t i n g  

p h o t o m e t r i c  f u n c t i o n  a g r e e s  s a t i s f a c t o r i l y  w i t h  o b s e r v a t i o n s  

e x c e p t  f o r  c v e r y  n e a r  9 0 ° ,  where t h e  c a l c u l a t e d  r a d i a n c e  

f a c t o r s  approach  z e r o  a l i t t l e  t o o  r a p i d l y .  

One r ema in ing  problem i s  t h a t  a l i m i t e d  number o f  c r a t e r s  

show a maximum i n  b r i g h t n e s s  a f e w  d e g r e e s  ( i n  p h a s e )  a f t e r  

f u l l  moon, whereas  a l l  p h o t o m e t r i c  f u n c t i o n s  d i s c u s s e d  h e r e  

have t h e i r  maxima a t  f u l l  moon, SI = 0. W e  have  no e x p l a n a t i o n  

f o r  t h i s ,  We ment ion  a g a i n ,  f i n a l l y ,  t h e  p o o r  c o r r e l a t i o n  

be tween va lues  o f  t h e  compact ion p a r a m e t e r  as  d e t e r m i n e d  u s i n g  

d i f f e r e n t  p h o t o m e t r i c  f u n c t i o n s  which  are y e t  based  f u n d a m e n t a l l y  

on t h e  s a m e  model of  t h e  s u r f a c e ,  It i s  f e l t  t h a t ,  s i n c e  t h e  

new p h o t o m e t r i c  f u n c t i o n  a g r e e s  s o  much b e t t e r  w i t h  observa-  

t i o n s ,  t h a t  t h e  v a l u e s  o f  t h e  compact ion  p a r a m e t e r s  d e t e r m i n e d  

t h e r e f r o m  are more l i k e l y  t o  be a c c u r a t e  t h a n  t h o s e  de t e rmined  

u s i n g  a Hapke f u n c t i o n .  
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APPENDIX I I A  

Comparison o f  C a l c u l a t e d  and Observed Rad iance  F a c t o r s  for 
T e r r a e  and Maria  u s i n g  " n e w "  R e t r o d i r e c t  L V ~  F u n c t i o n .  

T-&Lk.--AL -- __ _-___ 

Observed r a d i a n c e  f a c t o r  p alr:ng e q u a t o r  f o r  t e r r a e  ( O r l o v a ,  1956) 

80° - € *  i 0 7 00 200 3 0 °  400 50 600 70 O - -- 
80 

70 
60 

I 50 
40  
30 

, 20 

10 

0 

1 0  

20 

30 
~ 40 

50 
60 
70 
80 

e 028 - 
.036 .042  

.051 .06a 

.o61 . O ~ I  

.086 . i o 2  

. i o 2  -129  

.Oh3 .051 

.072 -086  

. I 2 4  . l o 6  

. I O 2  "083 

.os6  .072 

.o61 .051 

.072  -059  

-051 .041 

-043  .03k 
.036 .025 
.028 . O I ~  

0 4 2  

0 4 8  
.054 

076 
0 1 0 2  

123 

.063 

e i o 6  
., 083 
.068 
.058 
.050 

. 0 4 h  

0 03 5 
.033 

.023 

.oao 

- 
.095 
. 24 
086 
058  

.045 

.036 
029 
0 2 4  

.020 

. 0 217 

.015 

. 0 1  rc 
0 0' 3 
. 0 1 2  

. 0 1 2  

. 0 ? 2  

- 
. 1 2 4  

.083 

.Or3 

.038 
,030 

0 0 2  1 

. 0 2  1 

.017 

.oa 5 
-013 

. 0 1 2  

. 0 1 1  

.010 

e 0 0 9  
009 

.009 

*The va lues  o f  c ,  f r g m  t o p  t o  bot tom,  co r re spond  t o  i n c r e a s i n g  
phase  from j u s t  after f i r s t  q u a r t e r  t o  j u s t  b e f o r e  l a s t  q u a r t e r .  
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TABLE A-2 _ _ _ _ _ ~  -_ 

Observed r a d i a n c e  f a c t o r  p along equator f 3r m a r i a  ( O r l s v a ,  1 9 5 6 )  

80" 

70 O 

600 

50" 

400 

30 O 

20° 

a 00 

00 

. 100  

200 

30"  

. .  . 400 

50" 

600 

70 O 

80° 

.024 .033 

.026 .033 

.027 .034 

.030 .037 

,03h .047 

.040 , 0 4 9  

.Ob9 .062 

.066 .o81 

.o81 . s69  

.066 . 0 5 2  

.049 .041 

.040 .033 

.034 .030 

o030 .028 

.027 .026 

.026 . O 2 4  

0 0 2 4  9 

0 0313 

0 034 

.038 

. oh1  

.050 

061 

.081 

0 0 6 :  

348 

.039 

., 033 

0 023 

e 0 2 5  

.023 

.023 

Q 02  1 

- 

- - 

. S j 6  .o8a 

.081 .Ob4 

.053 .028 

0035 . O l 9  

,026 .oa5 

.020 . 0 ! 2  

. a ? 6  .OJO 

.013 .008 

. O d ?  .007 

.009  .006 

.009 .006 

,008 .005 

.008 .005 

.oo7 .osg 
- - 

- - 
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TABLE A-3  

C a l c u l a t e d  Radiance F a c t o r  p a l o n g  E q z l a t o r  fDr Terrae (new 
~' r e t r o d i r e c t i v e  f u n c t i p n ,  g = .625 ,  = . 7 2 L ) ,  

. - c i  00 1 0 0  200 30 0 40 50" 6e;o 70" 80 O 
- -- --PI- 

80° 

70" 

600 

50" 

40° 

30' 

200 

I O "  

00 

100  

200 

30' 

40° 

50 O 

60 o 

70" 

80° 

.022 .026 

.035 .ob& 

.Oh7 .055 

.054 .064 

.062 .072 

.070 .O83 

.080 .100 

0 0 9 9 <  . i 2 r  

. I 2 4  .097 

o 0 9 9  .078 

.080 "067 

0070 " 0 5 9  

.062 .052 

.05b . 0 4 5  

.oh6 .038 

.036 .029 

.022  . 017  

a 040 

0 o 6 t  

. 0 7 7  

0 8 8  

0 1 oh 

0 1 2 4  

0 0 9 4  

0 or3 

0 6 0  

0 05% 

0 0 4  5 

0 0 3 9  

0 034 

" 0 2 9  

0 0 2 3  

.0Y 7 

0 0' 0 

., 087 

. l a ?  

1 2 4  

., '384 

0 0 5 9  

0 3 4 4  

0035 

028 

. 0 2 3  

o o s 9  

.a1 6 

. O i  4 

.011  

r) 0 0 9  

a 0 7  

005 

., 002 

. I 1 5  

124 

0 049 

oo)4  

0 2 5  

.oa 9 

.015 

. 0 ? 2  

.a10 

,, O Q 8  

0 00-7 

o O J 5  

0 0 0 4  

003 

.002 

,ooa 

0 124  

0 0 5 9  

030 

.018 

. O I  1 

008 

., 006  

.SO5 

0 004 

., 003 

0 002 

002 

0 0 0 2  

0 001 

.ooa 

.OQl 

- 
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8 

C a l c u l a t e d  Radiance  € a c t o r  p alcjng E q u a t o r  f o r  Maria (new 
r e t r o d i r e c t i v e  f u n c t i o n ,  g = .372,  3 = .981> ,  

. 

80 O 

70 * 

600 

50 * 

40° 

30"  

200 

100  

00 

100  

200 

30" 

40 O 

500 

600 

70 O 

80° 

.oa4 .oaa 

.023 .028 

e029 e035 

,03h .039  

.038 .043 

.Ob2 .Ob9 

.Ob7 .059  

.058 .081 

.081 .057 

.058 .046 

.Ob7 .Ob0 

.042 .036 

.038 .032 

.034 .02y 

.029 .024 

.023 .O l9  

.074 - 

.026 

.034 

0 040 

.045 

050 

060 

e 080 

e 056 

0 04L 

.Q38 

.034 

030 

e 0 2 7  

e 0216 

,020 

0 0 1  5 

- 

026  

0 3 9  

.046 

., 053 

0 0 6 1  

081 

0 055 

e 043 

.036 

e 032 

.Q28 

,025 

e 0 2 2  

O? 9 

. 0 1 5  

,811 

- 

. O h  

0 054 

.064 

081 

e 0 5 2  

., 038 

.034 

e 026 

.022 

-03 9 

.016 

.014  

.OT2 

.OIO 

007 

.005 
I 

- 
.066 

.081 

.050  

e035 

.027 

.021 

.i)ii8 

.015 

.012 

0 O ?  0 

a 0 0 9  

-007 

e 006 

.004 

- 

- 
.081 

* o b 5  

029 

.021 

.oa 6 

.oa 2 

.OlO 

a 008 

.007 

.005 

.005 

., 004  

., 003 

.002 

- 
I 

I 
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Average I n t e g r a t e d  Energy ( : i l  L 'ern- c> -S?c) R e f l e c t e d  f r o m  T e r r a e  
and Maria a s  a Function of A - * f : L +  , +  1 1 1 1  i d e n c e .  

5" 

10" 

15" 

20" 

25" 

30" 

35" 

40°  

45" 

50" 

55" 070 

6 5" 

70 " 

75" 

.052 

oh2 

0 0 3  'I 
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0 
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0 
0 a 

D 

0 
0 
03 

0 
0 
b 

n 
N 
\o . 
0 
0 
r\ 

0 
0 
3 
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b 
c7 

0 
0 
c7 

0 
0 
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APPENDIX IXB 

H e r e  we g i v e  t h e  computer p r o g r a m  which r e a d s  i n  photo-  

m e t r i c  d a t a ,  s e a r c h e s  f o r  t h e  compact ion  p a r a m e t e r  g f o r  t h e  

l ea s t  s q u a r e s  f i t  of  t h e  new p h o t o m e t r i c  f u n c t i o n  t o  t h e  d a t a ,  

t h e n  computes  and p r i n t s  c a l c u l a t e d  v a l u e s  o f  t h e  r a d i a n c e  

f a c t o r  f o r  each  d a t a  p o i n t .  The program i s  w r i t t e n  i n  F o r t r a n  11, 

s u i t a b l e  f o r  use on a CDC 3600 computer .  

The d a t a  i n p u t  c o n s i s t s  o f  any  number o f  d a t a  d e c k s ,  i n  

s e q u e n c e ,  each  d a t a  deck  b e i n g  p r e f a c e d  by  a name c a r d  of u p  t o  

28 l e t t e r s ,  such  a s :  

1 MARIA* 

w i t h  a 1 i n  t h e  f i r s t  column (for page e j e c t )  and an  a s t e r i s k  

b e f o r e  column 30. F o l l o w i n g  t h e  name c a r d  i n  each  d a t a  deck  

i s  a c a r d  s p e c i f y i n g  t h e  number of  d a t a  p o i n t s  t o  be p r o c e s s e d ,  

and t h e  s i n e s  of  t h e  l u n a r  c o o r d i n a t e s  X and B ,  r e s p e c t i v e l y ,  

o f  t h e  p a r t i c u l a r  l u n a r  f e a t u r e  b e i n g  a n a l y z e d .  The f o r m a t  i s  

s p e c i f i e d  i n  Format s t a t e m e n t  number 4.  Then f o l l o w i n g  a r e  

t h e  d a t a  c a r d s  on which f o r  each d a t a  p o i n t  a r e  g i v e n  t b e  p h a s e  

a n g l e ,  r a d i a n c e ,  a n g l e  of  i n c i d e n c e ,  and a n g l e  o f  o b s e r v a t i o n  

(See  Format  s t a t e m e n t  number 6 ) ,  i n  t h a t  o r d e r .  Angles  a re  

r e a d  i n  d e g r e e s .  

The o u t p u t  of a d e t e r m i n a t i o n  of  compact ion  p a r a m e t e r  

c o n s i s t s  f i r s t  o f  t h r e e  columns l a b e l l e d  B ,  G ,  and RMS, which 

compr i se  a p r i n t e d  r e c o r d  of t h e  s e a r c h  f o r  t b e  b e s t  G. B i s  
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t h e  a l b e d o ,  G t h e  compact ion p a r a m e t e r ,  and RMS i s  t h e  r o o t  

mean s q u a r e  d e v i a t i o n  between c a l c u l a t e d  and o b s e r v e d  r a d i a n c e s ,  

The l a s t  f i g u r e s  i n  t h e  t h r e e  columns a r e  t h e  m o s t  a c c u r a t e  

v a l u e s .  Fo l lowing  t h i s  a r e  t h r e e  m o r e  columns l a b e l l e d  PHASE,  

BCAL, BOBS, which a r e  t h e  phase a n g l e ,  c a l c u l a t e d  r a d i a n c e ,  and 

obse rved  r a d i a n c e ,  r e s p e c t i v e l y ,  f o r  t h e  b e s t  v a l u e s  o f  a l b e d o  

and compact ion  p a r a m e t e r .  

An e n d - o f - f i l e  c a r d  f o l l o w s  t h e  l a s t  d a t a  deck .  

The program i s  w r i t t e n  i n  s i x  c y c l e s  o f  s e a r c h ,  which 

g ives  somewhat l e s s  t h a n  1% a c c u r a c y .  I f  more a c c u r a c y  i s  

d e s i r e d ,  t h e  I F  s t a t e m e n t  # I O 1  may be mod i f i ed  by chang ing  t h e  

6 t o  w h a t e v e r  i n t e g r a l  number o f  c y c l e s  i s  d e s i r e d ,  

The new p h o t o m e t r i c  f u n c t i o n  i s  c o n t a i n e d  i n  a F u n c t i o n  

subprogram ( S t a t e m e n t  40 p l u s  3 )  which may e a s i l y  be m o d i f i e d  

f o r  use  w i t h  o t h e r  p h o t o m e t r i c  f u n c t i o n s .  
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A P P E N D I X  I I C  

C 
C 

1 
4 
6 
7 
1 4 
15 
105 

2 
3 

5 

8 

9 

10 

5 1  

37 

100 

CUMPUTER PROGRAM FOR COMPUTING 
COMPACTION PARAMETER F O R  L E A S T  SQTJARES DATA FIT 

PROGRAM L U N 1 0 8 A  
COMPUTES PARAMETER FOR M I  N IMUM D E V I  AT I ON OF THEORET I CAL PHOTOMET- 
R I C  FUNCTPON FROM DATA, MAXIMUM NUMBER OF DATA P O I N T S  I S  I50 
DlMENS I ON A L P H (  ISO), BBCAL( 150 ) # B O B S (  !SO), B C A L (  1501, A I  NC ( 1501, 

2AOBS( 1501, C I N C (  1501, COBS(O50) ,  S ( l 5 0 ) ,  61 ( 150), B 2 (  150) , T (  150) ,RMS( 15 
30 1 

COMMON/BLOCKl/BQBS, BCAL,  B l , B 2 ,  S,T,  DD, RT.  B,G ,M 
FORMAT (* * I  I 
FORMAT - (  I3,2F6.3 
FORMAT (F7.1, F7.3,2F6.3) 
FORMAT (* B G RMS*) FORMAT (3FlO.5)  
FORMAT ( F 7 , 1 , 2 F 7  . 4) 
READ 1 
I F  ( E O F , 6 0 ) 2 , 3  
CALL E X I T  
READ 4, M, S I L A M ,  S I B E T  
DO 5 I = l , M  
READ 6,  A L P H ( I ) ,  B O B S ( I ) ,  A I N C ( I ) ,  A O B S ( I )  
P R I N T  1 
P R I N T  7 
M l  = M+11 
DO 8 I = M1,  150 
B O B S ( I )  = 0.0 

C = 3.14159/180,0 
DO 9 I = l , M  

C I N C ( I )  = C O S F ( C * A I N C ( I  1 )  
DO 10 I = O,M 
B 1 ( I = 4,O*COBS( I ) * ( C  I NC( I )**2 I/( (COBS ( I )+C I NC(  I 
A L  = A B S F ( A L P H ( 1 ) )  
B 2 ( 1  I== ( (3 .14159-C"AL)"COSF(C*AL)+SlNF(C"AL)) /3 .14159 
S ( S )  = 0.5* (COBS( I  ) + C I N C ( I ) ) * ( ( l . / C O B S ( I ) ) + ( ? . / C I N C ( I  1 ) )  
T ( I )  = TANF(C*AL)  
DD = 0.0 
DO 51 I = l , M  
DD = DD 9 ( B O B S ( 1 ) ) * * 2  
N = l  
J = l  
DELG = 0 - 1  
G = 0.5 
DO 37 I = O,M 
B C A L ( I )  = ENERGYF(B1 ( I  ) , B 2 ( 1  ) , S ( I  ) , T ( I  ) , G I  
C A L L  RTMS 

J = J+ I  
P R I N T  84, B,G,RT 
G = G+DELG 
DO 38 I = l , M  

B C A L ( I )  = 0.0 

COBS( I ) = COSF(C*AOBS( I 1 )  

)**3 

RMS(J )  = RT 
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38 

101 
104 

102 

39 
47 
48 

. 40 

6 1  

62 

63 

1 1  

12 

R M S ( J )  = RT 
J = J+l 
P R I N T  14, B,G,RT 
I F (RMS (J-1) -RMS (J-2 
I F ( N - 6 )  1 0 4 , 1 0 2 , 1 0 2  
DELG = -DELG/2,718282 
N = N+1 
GO TO 100 
CONT I NUE 
DO 39 I = l , M  
BBCAL(  I 
P R I N T  48 
FORMAT (* PHASE BCAL BOBS*) 
DO 40 I = l , M  
P R I N T  15, A L P H ( I ) ,  B B C A L ( I ) ,  B O B S ( 1 )  
GO TO 105 
END 
FUNCTION ENERGYF ( 6 1  ,B2,S,T,G) 
I F  ( T I  6 1 , 6 2 , 6 2  
B 3  = 1.0 
GO TO 63 
E = EXPF(-.S*G*S/T) 
B 3  = 2.0 - . 5 * T * ( f e - E ) * ( 3 . - E ) / G  + (.5*S-l* ) * E W . - E )  
ENERGYF = Bl*B2*B3 
RETURN 
END 
SUBROUT I NE RTMS 
D I MENS I ON BOBS (150) BCAL(  150) ,B1(150) ,  62 150), S ( 150) ,T ( 150) 
COMMON/BLOCK1/BOBS, BCAL B l , B 2 ,  S, T ,  DD,RT B,G,M 
DF = 0.0 
DO 1 1  I = l , M  
DF = DF + B O B S ( I  )*BCAL( 1 )  
FF = 0.0 
DO 12 I = 1,M 

8 = DF/FF 
R T  = DD - (B**2)*FF 
RT = SQRTF (RT/FLOATF ( M I  
RETURN 
END 

100,lO 1,lO 1 

= B*BCAL( I ) 

FF = FF+BCAL( I )**z 
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P i t a t u s ”  

B G RMS 

0.07371 
0.071 32  
0.06942 
0.S6788 
0.06841 
0.06899 

0.06937 
0.06914 
0 ~ 6 8 9 2  
0.06871 
0.06879 
0.06887 
0.06895 

0.06960 

0.06903 
0.06900 
0.06897 
0.06894 
0.06891 
0.06892 
0.06893 
0.06894 

0 50000 
o.60000 
0 0 70000 
0.80000 
0.76321 
0.72642 
0.68964 
0.70317 

0.73024 

0.73879 
0.73381 
0.72883 
0.72386 
0.72569 
0 72752 
0.72935 
0.731 18 
0.73051 
0.72983 

0.71670 

0.74377 

0.72916 

0.00467 
0.00463 
0.00461 

0.00461 
0.00 461 
0.00461 
0.0046 1 
Ok00461 
0.00461 
0.00461 
0.00461 
0.00461 
0.00461 
0.00461 
0.00461 
0.00461 
0.00461 
0.00461 
0.00461 
0.00461 
0.0046 1 

0.00461 

Phase  

11 .4  
23.9 
77.9 
91 03 

-77 0 5 
-72.0 
-64.2 
-61.7 
-50.9 
-50.3 
-39.5 
-28.3 
-25.7 
-17.6 
-1 1.3 

-8.9 
- 7 0  1 
-1 .5  

BCAL 

0.0558 
0 .Oh24 
0.0074 
0 .0018 
0.0001 
0.0020 
0 0053 
0.0026 
0.0139 
0.01 1 1  
0.0227 
0.0338 

0.0454 
0 e 0377 

0.0536 
0.0562 
0.0625 
Q ,0670 

BOBS 

0.0619 
0.0494 
0.0130 
0.0116 
0.0007 
0.001 7 
0.0050 

0.0150 
0.0100 

0.0153 
0.0243 
0.0330 

0.0407 
0 ,0450 
0,0546 
0.0546 

0 .0333 

0.0710 



! 

Pitatus" 

Phase 

4 . 6  
5 .5  

13.1 
17.8 
23.0 
42.4 
50.2 
57.3 
62.6 
7 3 - 5  
7 9 . 9  
82 .1  
96 .4  

SAMPLE OUTPUT FROM SEARCH PROGRAM LUNJ08A - - 

BOBS BCAL 

0.0635 
0,0632 
0.0542 
0 0480 
0.0437 
0.0266 
0.021 7 

0.0072 

0.0003 

0.0186 
0.0135 

0 .0055  
0.0034 

0 * 0597 
0.0637 
0 0630 
0,0520 

0.0216 
0.0150 
0.0116 
0.0100 
o .0096 
0 0050 
0.0007 

0.0410 
0 0297 

2-28 



CHAPTER I11 

DERIVATION O F  PHOTOMETRIC FUNCTIONS 

I n t r o d u c t i o n  

I n  t h i s  c h a p t e r  o u r  purpose  i s  t o  d e r i v e  a l a w  d e s c r i b i n g  

t h e  l i g h t  r e f l e c t e d  f r o m  an e lement  o f  t h e  l u n a r  s u r f a c e s  W e  

s h a l l  assume t h e  r e a d e r  i s  f a m i l i a r  w i t h  t h e  b a s i c  i d e a s  o f  

r e f l e c t i o n ,  s c a t t e r i n g ,  and b r i g h t n e s s .  

A r e a s o n a b l y  good m a t h e m a t i c a l  e x p r e s s i o n  f o r  t h e  photo-  

m e t r i c  p r o p e r t i e s  of t h e  l u n a r  s u r f a c e  h a s  been o b t a i n e d  by 

Hapkee3 

of  a s e m i - i n f i n i t e  po rous  l a y e r  o f  randomly p l a c e d  o b s c u r i n g  

The model on which h i s  d e r i v a t i o n  i s  based  c o n s i s t s  

o b j e c t s  suspended  i n  d e p t h  i n  such  a way t h a t  t h e  i n t e r s t i c e s  

s e p a r a t i n g  them a re  i n t e r c o n n e c t e d .  

W e  s h a l l  n o t  r e p e a t  t h e  d e r i v a t i o n  a t  t h i s  p o i n t  s i n c e  i t  

i s  d i s c u s s e d  and e x t e n d e d  l a t e r  i n  t h i s  r e p o r t ,  The r e s u l t i n g  

e x p r e s s i o n  f o r  t h e  r e f l e c t e d  e n e r g y ,  I ( re ) ( i ,€  ,a) p e r  u n i t  s o l i d  

a n g l e  p e r  u n i t  t i m e  f rom a u n i t  area of  a c t u a l  l u n a r  s u r f a c e ,  

when t h e  s o l a r  i n s o l a t i o n  i s  i n c i d e n t  a t  a n g l e  i f r o m  t h e  mean 

s u r f a c e  n o r m a l  and t h e  r e f l e c t e d  r a d i a t i o n  i s  observed  a t  angle  

€ from t h e  mean s u r f a c e  normal ,  w i t h  CX t h e  a n g l e  between i n c i d e n t  

and o b s e r v a t i o n  d i r e c t i o n s ,  i s  as f o l l o w s :  

where S o  i s  t h e  s o l a r  c o n s t a n t ,  and b i s  t h e  t o t a l  r e f l e c t i v i t y  

o f  a n  o b j e c t ,  i . e . ,  t h e  f r a c t i o n  o f  i n c i d e n t  l i g h t  r e f l e c t e d  by  
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t h e  o b j e c t  i n t o  a l l  d i r e c t i o n s .  

s c a t t e r i n g  l a w  of an i n d i v i d u a l  o b j e c t ,  I n  h i s  work, Hapke 

The f u n c t i o n y ( a )  i s  t h e  

u s e s  t h e  b a c k s c a t t e r i n g  e x p r e s s i o n  

which  s a t i s f i e s  t h e  n o r m a l i z a t i o n  c o n d i t i o n  

and c o r r e s p o n d s  t o  an  opaque s p h e r i c a l  p a r t i c l e  d i f f u s e l y  re- 

f l e c t i n g  f rom t h e  i l l u m i n a t e d  p o r t i o n  o f  i t s  s u r f a c e .  

The f u n c t i o n  B ( a , g )  e x p r e s s e s  t h e  e f f e c t  o f  shadowing on 

t h e  p o r o u s  s u r f a c e .  Hapke g i v e s  t h e  f o l l o w i n g  e x p r e s s i o n  for 

t h i s  s o - c a l l e d  " r e t r o d i r e c t i v e  f u n c t i o n "  : 

where g i s  a p a r a m e t e r  r e l a t e d  t o  t h e  d e g r e e  o f  p o r o s i t y  o f  t h e  

l u n a r  s u r f a c e  m a t e r i a l ,  or t o  t h e  f r a c t i o n  o f  v o i d  space  a t  t h e  

s u r f a c e .  The p a r a m e t e r  g m a y  v a r y  f r o m  p l a c e  t o  p l a c e  on t h e  

s u r f a c e ;  Hapke o b t a i n s  m o s t  o f  h i s  good f i t s  w i t h  e x p e r i m e n t a l  

d a t a  by c h o o s i n g  

g = 0 . 6  ( 5 )  
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However, g may v a r y  f r o m  0 . 4  t o  0.8. The b e s t  ave rage  v a l u e  

f o r  g u s i n g  E q u a t i o n  ( 4 )  t h e  whole moon seems t o  be g 2' 0 .7 .  

The p a r a m e t e r  b may a l s o  v a r y  f r o m  p l a c e  t o  p l a c e ;  i t  i s  

de te rmined  f r o m  t h e  a l b e d o  a t  t h e  p a r t i c u l a r  l o c a t i o n  o f  i n t e r e s t .  

These e x p r e s s i o n s ,  w i t h  p r o p e r  c h o i c e  o f  m u l t i p l i c a t i o n  

f a c t o r  b ,  r e p r e s e n t  r e a s o n a b l y  w e l l  t h e  observed  p h o t o m e t r i c  

p r o p e r t i e s  o f  t h e  moon. A t  l a r g e  a n g l e s  o f  i n c i d e n c e  and a t  

l a r g e  phase  a n g l e s ,  t h e  observed r e f l e c t e d  l i g h t  i s  g r e a t e r  

t h a n  t h a t  p r e d i c t e d  by Equa t ion  ( 1  ) 

We now a s k ,  how can we improve t h e  e x p r e s s i o n  ( l ) ?  We 

n o t e  t h a t  b a s i c a l l y  t h e  model g i v e s  r i s e  t o  a r e s u l t  which i s  

t h e  p r o d u c t  o f  t h r e e  f a c t o r s ;  t h e r e  a r e  f i r s t  t h e  Lommel-Seeliger 

l aw ,  

1 - 
I + cos C / C O S  i 

which i n s u r e s  t h a t  I ( r e )  = 0 when i = g o 0 ,  s e c o n d l y ,  t h e  s c a t t e r -  
7 

i n g  l a w  ) (a) and t h i r d l y  t h e  shadowing f u n c t i o n  B(Z , g ) .  

n o w  c o n s i d e r  p o s s i b l e  m o d i f i c a t i o n s  o f  H a p k e ' s  argument which 

w i l l  s t i l l  a l l o w  I ( r e )  t o  be w r i t t e n  a s  a p r o d u c t  o f  t h e  

We s h a l l  
2 

same t h r e e  f a c t o r s .  We a r e  main ly  i n t e r e s t e d  i n  m o d i f i c a t i o n s  

o f  t h e  r e t r o d i r e c t i v e  f u n c t i o n  B(Z , g ) .  
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The R e t r o d i r e c t i v e  F u n c t i o n  

If one l o o k s  a t  t h e  d e t a i l e d  p h y s i c a l  model i m p l i e d  i n  

Hapke s t r e a t m e n t  9 3  one s e e s  t h a t  t h e  r e c t a n g u l a r  t u b e s  r e p r e -  

s e n t i n g  t h e  i n c i d e n t  l i g h t  a r e  t r u n c a t e d  a t  r i g h t  a n g l e s  t o  t h e  

beam, These t u b e s  a r e  t h e n  o r i e n t e d  s o  t h a t  one edge i s  p e r -  

p e n d i c u l a r  t o  t h e  p l a n e  formed by t h e  i n c i d e n t  r a y  and t h e  

d i r e c t i o n  o f  o b s e r v a t i o n ,  T h i s  s i m p l i f i c a t i o n  i s  macle i n  o r d e r  

t h a t  t h e  area s e e n  a t  t h e  base of t h e  c y l i n d e r  is a s imple  

r e c t a n g l e  and n o t  a t r i a n g l e  or a f o u r - s i d e d  f i g u r e  as i t  

would be i f  the  i n c i d e n t  squa re  c y l i n d e r  o f  l i g h t  were t r u n -  

c a t e d  by t h e  mean l u n a r  s u r f a c e .  A c t u a l l y ,  t h e  i n c i d e n t  

c y l i n d e r  o f  l i g h t  i s  n o t  t r u n c a t e d  by t h e  mean l u n a r  s u r f a c e ,  

b u t  r a t h e r  by t h e  s u r f a c e  of  t h e  f a c e t  upon which i t  i s  i n c i d e n t .  

I n  H a p k e ' s  t r e a t m e n t  he i n t r o d u c e s  t h e  mean l u n a r  s u r f a c e  as a 

r e f e r e n c e  p l a n e  when a c t u a l l y  one s h o u l d t r e a t  t h e  f a c e  o f  t h e  

f a c e t  i t s e l f  as  a r e f e r e n c e  p l ane .  It would be a good approx- 

i m a t i o n  t o  u s e  t h e  mean l u n a r  s u r f a c e  as a r e f e r e n c e  p l a n e  i f  

t h e  p e n e t r a t i o n  o f  t h e  l i g h t  i n t o  t h e  m a t e r i a l  were l a r g e  

compared w i t h  t h e  d imens ions  o f  t h e  r e f l e c t i n g  p a r t i c l e s  or 

e l e m e n t s  i n  t h e  mediumo T h i s  i s  n o t  t h e  c a s e ,  however ,  s i n c e  

. Hapke found t h a t  t h e  p e n e t r a t i o n  d e p t h  i s  a p p r s x m a t e l y  e q u a l  t o  

t h e  d i a m e t e r  o f  t h e  r e f l e c t i n g  p a r t i c l e s  i n  t h e  mediu,  He ob- 

t a i n e d  b e s t  f i t  w i t h  exper iment  when t h e  r a t i o  g = (a/'T) '2 1 ., 

a i s  t h e  d i a m e t e r  of t h e  p a r t i c l e s  and T t h e  a t t e n u a t i o n  d i s -  

t a n c e ,  t h a t  i s ,  t h e  d i s t a n c e  over  which r a d i a t i o n  d e c r e a s e s  t o  

l / e  of i-ts i n i t i a l  v a l u e ,  A l i t e r a l  i n t e r p r e t a t i o n  o f  Hapke ' s  



, 
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model would be one i n  which a l l  f a c e t s  were normal t o  t h e  

d i r e c t i o n  o f  t h e  i n c i d e n t  beam. I f  t h i s  were t h e  c a s e ,  t h e n  

t h e  d i s t a n c e  over  which t h e  l i g h t  i s  a t t e n u a t e d  on i t s  way ou t  

s h o u l d  be measured t o  t h a t  s u r f a c e .  Such a s u r f a c e  would be 

s imply  an  e x t e n s i o n  o f  t h e  s u r f a c e  end o f  t h e  s q u a r e  c y l i n d e r .  

Hapke e x t e n d s  t h e  p a t h  o f  t h e  r e f l e c t e d  r a y s  t o  t h e  mean l u n a r  

s u r f a c e .  

A l i t e r a l  i n t e r p r e t a t i o n  o f  t h e  model,  however,  may n o t  

i g n o r e  t h e  d e t a i l s  of t h e  geometry o f  t h e  l i g h t  c y l i n d e r s  a t  

t h e  s u r f a c e  and t h e  change i n  p a t h  l e n g t h  i n  t h e  a b s o r b i n g  medium 

a s s o c i a t e d  w i t h  t h o s e  d e t a i l s .  We e x p e c t  t h e  s u b s t r a t u m  f o r  

which such p a r t i c l e s  f o r m  a s u r f a c e  l a y e r  t o  be much l a r g e r  t h a n  

t h e  p a r t i c l e s  t hemse lves .  T h e r e f o r e ,  i t  i s  n o t  p r o p e r  t o  w r i t e  

z c o s  i = z p c o s  € = y as d o e s  Hapke ( F i g u r e  2 ) #  T h i s  does  n o t  

conform t o  Hapke ' s  n o t a t i o n ;  i n  F i g u r e  2 ,  z i s  t h e  p a t h  l e n g t h  

o f  t h e  l i g h t  a s  i t  e n t e r s  t h e  medium measured t o  t h e  p o i n t  a t  

which a r e f l e c t i o n  ( s c a t t e r i n g )  o c c u r s  and z '  is t h e  d i s t a n c e  

f r o m  t h e  r e f l e c t i n g  p a r t i c l e  t o  t h e  l u n a r  s u r f a c e .  Measuring 

t h e s e  l e n g t h s  t o  t h e  l u n a r  s u r f a c e  e n a b l e s  Hapke t o  i n t r o d u c e  

t h e  a n g l e  o f  i n c i d e n c e ,  i, o f  t h e  incoming l i g h t .  i i s  t h e  a n g l e  

which t h e  incoming l i g h t  makes w i t h  a n o r m a l  t o  t h e  l u n a r  s u r f a c e  

(mean l u n a r  s u r f a c e ) .  € i s  t h e  a n g l e  o f  o b s e r v a t i o n  measured 

f r o m  t h e  normal t o  t h e  l u n a r  s u r f a c e .  The above r e l a t i o n  i s  t h e  

key  e q u a t i o n  l e a d i n g  t o  t h e  Lsmmel-Seeliger l a w ,  
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I f  t h e  ,d imens ions  o f  s u r f a c e  f a c e t s  a r e  l a r g e  compared w i t h  

7 t h e n  i and c shou ld  be r e p l a c e d  'by i p  and € ,, where t h e  l a t t e r  

- a r e  measured w i t h  r e s p e c t  t o  a norma.1 t o  t h e  f a c e *  i t s e l f  r a t h e r  
9 

t h a n  t h e  normal t o  t h e  l u n a r  s u r f a c e .  

One may c o m p l e t e l y  g e n e r a l i z e  t h e  problem ( ,wi th  t h e  re- 

s t r i c t i o n  t h a t  t h e  r e f l e c t i n g  e l e m e n t s  i n  t h e  medium are  r e g a r d e d  ~ 

as s m a l l  s q u a r e s )  by l e t t i n g  t h e  f a c e t  upon which t h e  l i g h t  i s  

i n c i d e n t  t r u n c a t e  t h e  i n c i d e n t  c y l i n d e r  i n  a c o m p l e t e l y  a r b i t r a r y  

mannero One of t h e  d i f f i c u l t i e s  t h a t  e n t e r  i n t o  t h e  d e t a P l s  o f  

t h i s  model i s  t h e  problem of  d e r i v i n g  a s imple  e x p r e s s i o n  'for t h e  

'I 

a r e a  o f  t h e  bot tom o f  t h e  c y l i n d e r  as s e e n  by an o b s e r v e r ,  The 

* 

d e t a i l s  of t h i s  c a l c u l a t i o n  a r e  now l a r g e l y  completed b u t  t h e  

e x p r e s s i o n s  are a l g e b r a i c a l l y  t o o  compl i ca t ed  t o  p e r m i t  c a l c u l a -  

t i o n s  t o  be made f o r  i n c l u s i o n  i n  t h i s  r e p o r t ,  I n  t h e  c a l c u l a t i o n s  

I -  r e f e r r e d  t o ,  t h e  i n c i d e n t  squa re  c y l i n d e r  o f  l i g h t  i s  t r u n c a t e d  i n  

an a r b i t r a r y  d i r e c t i o n  by t h e  s u r f a c e  o f  t h e  f a c e t ,  The v i s i b l e  I 
a r e a ,  t h e  n o n - v i s i b l e  a r e a ,  t he  i n c i d e n t  p a t h  l e n g t h ,  and 

e x i t i n g  p a t h  l e n g t h  a r e  e x p r e s s e d  i n  t e r m s  o f  a n g l e s  i p  and C 

which d e f i n e  t h e  d i r e c t i o n  o f  i n c i d e n c e  and t h e  d i r e c t i o n  o f  

v i e w i n g  w i t h  r e s p e c t  t o  a normal t o  t h e  f a c e t , ,  A f t e r  a g e n e r a l  

e x p r e s s i o n  f o r  t h e  i n t e n s i t y  o f  t h e . e m e r g e n t  beam i s  o b t a i n e d  

f o r  a p a r t i c u l a r  f a c e t ,  one  must i n t r o d u c e  a r e f e r e n c e  l i n e  

normal  t o  t h e  mean l u n a r  s u r f a c e  and ave rage  f i n a l  r e s u l t s  o v e r  

a l l  o r i e n t a t i o n s  o f  t h e  f a c e t s .  S i n c e  t h e  d i r e c t i o n  of t h e  i n -  

c i d e n t  beam and t h e  r e f l e c t e d  beam a r e  s p e c i f i e d  i n  a n  a b s o l u t e  

i 
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s e n s e ,  t h e  a n g l e  between t h e  i n c i d e n t  beam n̂ and t h e  d i r e c t i o n  

of t h e  r e f l e c t e d  beam ^no w i l l  be t h e  same a s  t h e  a n g l e  between 

^np and ^np where t h e  pr imes  mere ly  d e s i g n a t e  t h a t  t h e  d i r e c t i o n s  

o f  t h e s e  r a y s  a r e  d e f i n e d  w i t h  r e s p e c t  t o  a normal t o  t h e  f a c e t .  

When unpr imed,  i t  is under s tood  t h a t  t h e i r  o r i e n t a t i o n  i s  d e f i n e d  

w i t h  r e s p e c t  t o  t h e  mean l u n a r  s u r f a c e ,  The a l g e b r a  r e q u i r e d  

t o  r e l a t e  r e s u l t s  for an a r b i t r a r y  f a c e t  and i n v o l v i n g  a n g l e s  

i '  and € t o  a f i n a l  e x p r e s s i o n  i n v o l v i n g  i and F p l u s  an  

a d d i t i o n a l  a n g l e  and t h e n  a v e r a g i n g  o v e r  a l l  v a l u e s  o f  t h i s  

a n g l e  i s  no t  y e t  completed but  t h e  p rocedure  i s  c l e a r ,  A d d i t i o n -  

a l  t ime  w i l l  be r e q u i r e d  t o  complete  t h e  d e t a i l s  and pe r fo rm 

c a l c u l a t i o n s ,  W e ,  t h e r e f o r e ,  r e t u r n  t o  t h e  s i m p l e r  p i c t u r e  o f  

Hapke and t r e a t  h i s  model more r e a l i s t i c a l l y ,  The pu rpose  of  

p u r s u i n g  such d e t a i l s  i s  t o  a t t e m p t  t o  e s t a b l i s h  a range  o f  

f l e x i b i l i t y  i n  t h e  f i n a l  r e s u l t s , ,  One w i l l  t h e n  know how much 

he  c a n  tamper  w i t h  t h e  t h e o r e t i c a l  curves i n  o r d e r  t o  o b t a i n  

b e s t  agreement  w i t h  exper iment  

i 

i 0 

F o r  s i m p l i c i t y  i n  c a l c u l a t i n g  t h e  v i s i b l e  a r e a  a t  t h e  bot tom 

of t h e  l i g h t  c y l i n d e r ,  w e  s h a l l  now f o l l o w  Hapke i n  o r i e n t i n g  t h e  

c y l i n d e r  s o  t h a t  one edge i s  p e r p e n d i c u l a r  t o  t h e  p l a n e  formed by 

t h e  i n c i d e n t  r a y  and t h e  r e f l e c t e d  r a y ,  We s h a l l  f i r s t  r e g a r d  

t h e  s u r f a c e  f a c e t  as b e i n g  always normal t o  t h e  i n c i d e n t  beam, 

I n  g e n e r a l ,  t h e  f a c e t s  w i l l  be o r i e n t e d  i n  a l l  p o s s i b l e  d i r e c -  

t i o n s ,  We can i n t r o d u c e  o n l y  one d e g r e e  o f  f reedom i n  t h e  o r i e n -  

t a t i o n  of  t h e  f a c e t s  which i s  c o n s i s t e n t  w i t h  keep ing  an edge o f  
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t h e  c y l i n d e r  p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  hi and n̂ 

t o  a l l o w  t h e  sur face  t o  r o t a t e  abou t  t h e  l i n e  a t  t h e  t o p  o f  t h e  

c y l i n d e r  and p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  n̂ and n̂ T h i s  ang le  

i s  d e s i g n a t e d  by B i n  F i g u r e  6. The d i s t a n c e  t h e  l i g h t  t r a v e l s  

and t h a t  i s  
0 

0 io 

b e f o r e  h i t t i n g  t h e  r e f l e c t i n g  e l e m e n t s  a t  t h e  bot tom of  t h e  

c y l i n d e r  i s  z as shown i n  F i g u r e  6. W e  now d i f f e r  f rom Hapke 

i n  t h a t  t h e  r e f l e c t e d  l i g h t  w i l l  a t t e n u a t e  as i t  t r a v e l s  f r o m  t h e  

bot tom of t h e  c y l i n d e r  t o  t h e  e x t e n s i o n  o f  t h e  p l a n e  o f  t h e  

f a c e t  as  shown i n  t h e  f i g u r e .  It i s  obv ious  t h a t  t h e  geometry 

o f  t h i s  t r e a t m e n t  w i l l  i n v o l v e  n e i t h e r  i n o r  c b u t  w i l l  be de- 

penden t  o n l y  upon 2. A s  a n o t h e r  r e f i n e m e n t ,  n o t  t h a t  t h e  re- 

f l e c t e d  l i g h t  d o e s  n o t  s t a r t  t o  a t t e n t u a t e ,  t h a t  i s ,  i t  d o e s  n o t  

e n c o u n t e r  a b s o r b i n g  medium u n t i l  it c r o s s e s  t h e  w a l l  o f  t h e  

c y l i n d e r .  F o r  s i m p l i c i t y  the  e x i t i n g  p a t h  o f  t h e  s e e n  area i s  

measured f r o m  t h e  edge o f  t h e  a rea ,  b u t  t h i s  d e t a i l  i s  n o t  i m -  

p o r t a n t  h e r e  s i n c e  no a t t e n u a t i o n  f a c t o r  a l o n g  t h e  p a t h  i s  

i n t r o d u c e d  i n  t h i s  c a s e .  W e  w i l l  c o n s i d e r  t h e  f o l l o w i n g  c a s e s :  

1 .  T r u n c a t e  t h e  i n c i d e n t  c y l i n d e r  p e r p e n d i c u l a r  t o  t h e  

i n c i d e n t  beam, 

( a )  MeasEre t h e  p a t h  of t h e  l i g h t  s c a t t e r e d  from 

t h e  u n s e e n  a rea  f r o m  t h e  edge o f  t h e  area t o  t h e  s u r f a c e  o f  

t h e  f a c e t .  I n t r o d u c e  t h e  e x p o n e n t i a l  a t t e n u a t i o n  f a c t o r  independ-  

e n t l y  of  w h e t h e r  t h e  l i n e  i s  i n s i d e  o r  o u t s i d e  t h e  c y l i n d e r .  
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( b )  Modify t h e  above p rocedure  by  measur ing  t h e  

a t t e n u a t i o n  p a t h  from t h e  mLdpoint o f  t h e  unseen  a r e a  and a l s o  

t a k e  i n t o  account  t h a t  a t t e n t u a t i o n  d o e s  n o t  b e g i n  u n t i l  t h e  

r a y s  i n t e r s e c t  t h e  s ide  o f  t h e  c y l i n d e r ,  

2 ,  A l l o w  t h e  s u r f a c e  f a c e t  t o  make an a n g l e  B w i t h  t h e  

p l a n e  p e r p e n d i c u l a r  t o  t h e  normal D f  t h e  i n c i d e n t  beam. I n t r o -  

duce t h e  e x p o n e n t i a l  a t t e n u a t i q n  f a c t o r  i n d e p e n d e n t l y  o f  whether  

t h e  $+ne i s  i n s i d e  or o u t s i d e  o f  t h e  c y l i n d e r ,  

Measure t h e  p a t h  o f  t h e  l i g h t  r e f l e c t e d  f r o m  t h e  unseen  

a r e a  t a  t h e  middle  of t h e  area and i n t r o d u c e  a t t e n u a t i o n  o n l y  

a f t e r  i t  l e a v e s  t h e  s i d e  o f  t h e  c y l i n d e r .  Measure incoming 

a t t e n u a t i o n  p a t h  t o  midpoin t  of s e e n  a r e a ,  Average ove r  a l l  8 .  

The above p r o c e d u r e s  w i l l  :hen y i e l d  d i f f e r e n t  f o r m s  f o r  

Lhc f u n c t i o n  B(a ) Hapke c a l l s  t h i s  f G n c t i o n  t h e  r e t r o d i r e c t i v e  

f u n c t i o n .  As w e  s h a l l  s e e ,  o u r  p rocedure  w i l l  modify H a p k e s s  

results to t h e  e x t e n t  of o b t a i n i n g  d i f f e r e n t  r e t r o d i r e c t i v e  

I ' unc t i  )ns, D i f f e r e n c e s  among -6hese c a s e s  may be minor;  never -  

t h e l v s s ,  fo rmulas  f o r  each have been d e r i v e d .  Ve s h a l l  s e e  t h a ?  

a m n r i i f i c a t i o n  .?f I ( a )  g i v e s  1~3pkog s r e t r c d i r e c i - i y . , e  f u n c t i o n .  

I'he a n g l e s  i and f e n t e r  Hapke ' s  e x p r e s s i o n  through t h e  

IJc)mmel-Seeliger l a w  which appea r s  as a s e p a r a t e  f a c t o r  m u l t i p l y i n g  

t h e  f u n c t i o n  B ( u ) .  I n  o r d e r  t o  make formulas s a t i s f y  t h e  

r e c i p r o c i t y  c o n d i t i o n ,  Hapke makes t h e  s u b s t i t u t i o n  

s e c  i ( s e c  i + s e c  ) / z O  
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S i n c e  i and € d o  no t  e n t e r  our  d e s c r i p t i o n  when d e r i v i n g  

t h e  r e t r o d i r e c t i v e  f u n c t i o n ,  we now ask how t h e y  s h o u l d  be 

i n t r o d u c e d .  It i s  r easonab le  t o  i n t r o d u c e  them as f o l l o w s :  

f i r s t  l e t  us  suppose t h a t  t h e  ave rage  s l o p e  o f  t h e  f a c e t s  

c o i n c i d e s  w i t h  t h e  mean l u n a r  s u r f a c e .  It t h e n  a p p e a r s  

r e a s o n a b l e  t o  s a y  t h a t ,  on the  a v e r a g e ,  a l a r g e  € w i l l  

i n t r o d u c e  a l o n g e r  a t t e n t u a t i o n  p a t h  i n  t h e  a b s o r b i n g  medium 

t h a n  would a s m a l l  E W e  w i l l  t h e r e f o r e  now r e g a r d  t h e  

l u n a r  s u r f a c e  a s  f l a t .  We assume t h a t  on t h e  a v e r a g e  one 

can  w r i t e  z c o s i  = z s c o s  F = y ,  where z ,  z v  and y a r e  

d e f i n e d  i n  F i g u r e  2 .  One then  d e r i v e s  t h e  Lommel-Seeliger 

law i n  t h e  u s u a l  manner,  and u s e s  i t  t o  modulate  t h e  f u n c t i o n  

B(CI ) Note t h a t  t h i s  p l a u s i b i l i t y  argument s a t i s f i e s  t h e  

r e c i p r o c i t y  theorem. It may a l s o  be mentioned h e r e  t h a t  t h e  

g e n e r a l  r e s u l t s  where in  t h e  i n c i d e n t  c y l i n d e r  i s  t r u n c a t e d  i n  

an a r b i t r a r y  manner by a f a c e t  and t h e n  averaged  o v e r  a l l  

o r i e n t a t i o n s  o f  f a c e t s  do n o t  s a t i s f y  t h e  r e c i p r o c i t y  theorem., 

I n  t h a t  c a s e  t h e n ,  one must a r b i t r a r i l y  i n t r o d u c e  r e c i p r o c i t y  

t h r o u g h  t h e  s u b s t i t i u t i o n  s e c  i = ( s e c  i + s e c  c ) / 2  as  d o e s  

Hapke. It i s  t h e r e f o r e  no t  c l e a r  t h a t  t h e  r e s u l t s  o b t a i n e d  

f r o m  a r b i t r a r y  t r u n c a t i o n  w i l l  be any more s i g n i f i c a n t  t h a n  

t h e  r e s u l t s  o b t a i n e d  i n  t h e  p r e s e n t  m o d e l ,  s i n c e  t h e  more 

g e n e r a l  r e s u l t s  have t o  be d o c t o r e d  up  t o  s a t i s f y  r e c i p r o c i t y .  

B e f o r e  p r o c e e d i n g  t o  a d e t a i l e d  c a l c u l a t i o n  o f  B ( a )  i n  

our  model ,  we f i r s t  d e r i v e  t h e  Lommel-Seeliger law,  and a l s o  

r ev iew t h e  d e r i v a t i o n  o f  Hapke s f o r m u l a s  
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D e r i v a t i o n  o f  E x p o n e n t i a l  Absorp t ion  F a c t o r  

I n  t h e  f o l l o w i n g  d i s c u s s i o n  we r e g a r d  a p l a n e  wave o f  

l i g h t  as i n c i d e n t  upon a m a t e r i a l  made up o f  randomly d i s t r i -  

bu ted  s c a t t e r i n g  e l emen t s .  Suspended p a r t i c l e s  o f  d u s t  would 

s a t i s f y  t h i s  model if t h e  p a r t i c l e s  were k e p t  s e p a r a t e d  f r o m  

e a c h  o t h e r  by e l e c t r o s t a t i c  f o r c e s .  When l i g h t  e n c o u n t e r s  

a p a r t i c l e ,  i t  w i l l  be s c a t t e r e d  i n  t h e  a n g l e  range da as 

s p e c i f i e d  by a s c a t t e r i n g  f u n c t i o n  b ( % ) o  Above t h e  p a r t i c l e  

t h e r e  i s  e f f e c t i v e l y  an  empty t u b e  r e a c h i n g  t o  t h e  s u r f a c e  

out  of  which some l i g h t  can  e scape  w i t h  z e r o  p r o b a b i l i t y  o f  a 

c o l l i s i o n  w i t h  a n o t h e r  p a r t i c l e  

If t h e  r e f l e c t e d  l i g h t  c r o s s e s  t h e  s i d e  of t h i s  imag ina ry  

t u b e  b e f o r e  r e a c h i n g  t h e  s u r f a c e ,  t h e n  t h e r e  w i l l  be a f i n i t e  

p r o b a b i l i t y  o f  e n c o u n t e r i n g  a n o t h e r  p a r t i c l e  i n  t h e  medium 

b e f o r e  t h e  l i g h t  e s c a p e s ,  f r o m  t h e  medium,, 

I f  Bo i s  t h e  a r e a  of  t h e  p l a n e  wave o f  l i g h t  a t  t h e  s u r f a c e  

o f  t h e  medium, 

i n c i d e n t  a t  a n g l e  i w i t h  r e s p e c t  t o  t h e  normal o f  t h e  s u r f a c e ,  

and S o  t h e  energy  f l u x  p e r  u n i t  a r e a  of t h e  beam 

-noaoz = s B e -z’T i s  t h e  e n e r g y  e n t e r i n g  l u n a r  t h e n  SoBoe 0 0  

s u r f a c e  o f  a r e a  Bo /cos i  which h a s  n o t  y e t  been s c a t t e r e d  a f t e r  

beam t r a v e l s  a d i s t a n c e  z a long  t h e  p a t h  benea th  t h e  s u r f a c e .  

T h i s  may be s e e n  as f o l l o w s ,  L e t  B be t h e  cross s e c t i o n  o f  

i n c i d e n t  beam a t  any d e p t h  z .  

i n t e r c e p t i n g  e l e m e n t s  and no the  number o f  such e l e m e n t s  p e r  

u n i t  volume. Tubes o f  l i g h t  a r e  shown s c h e m a t i c a l l y  i n  

F i g u r e  3 @  The d e c r e a s e  i n  t h e  a r e a  o f  t h e  beam ( t h a t  i s ,  t h e  

p o r t i o n  s c a t t e r e d )  i n  t r a v e l i n g  d i s t a n c e  dz i s :  

L e t  a. = a 2  be t h e  a r e a  o f  
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dB = -noaoBdz 

-noaoz B = Ce 

T h e r e f o r e ,  a r e a  of beam a t  s u r f a c e  i s  Bo s o  t h a t :  

-noaoz B = Boe . 

Thus e n e r g y  s c a t t e r e d  o u t  o f  beam i n  ( 

dy)  ( F i g u r e  2 )  i s  

noaoy 

i s t a n c e  dz  ( l a y e r  

- 
dy c o s 1  -n a z BoSOnOaOe dz = BoSonoaoe c o s i  

s i n c e  dz  = d y / c o s i .  T h i s  ene rgy  i s  i n c i d e n t  ove r  an a r e a  o f  

l u n a r  s u r f a c e  Bo/cos i .  S o  ene rgy  i n c i d e n t  ove r  u n i t  s u r f a c e  

' - noaoy/c  o s  i 
a r e a  and s c a t t e r e d  out  i n  d i s t a n c e  z i s  Sonoaoe dY. 

The e n e r g y  s c a t t e r e d  p e r  u n i t  volume ( s i n c e  volume o f  s c a t t e r -  

i n g  r e g i o n  i s  ,O X dy)  i s  SonOaOe 

s 0 0 0  a e-noaoY/cosi i s  t h e  e n e r g y  produced p e r  u n i t  volume o f  

s c a t t e r i n g  m a t e r i a l  p e r  u n i t  s o l i d  a n g l e .  I f  t h e r e  i s  some p u r e  

a b s o r p t i o n  t h e n  only  a f r a c t i o n  ( s a y  f o )  of  t h i s  e n e r g y  w i l l  be 

s c a t  t e r e d .  

-n,a,y/cosi  . T h e r e f o r e  B 

c o s i  

I f  we n e g l e c t  t h a t  p a r t  o f  t h e  p a t h  l e n g t h  which i s  i n  t h e  

empty t u b e  and c o n s i d e r  t h e  l i g h t  which h i t s  a s c a t t e r i n g  c e n t e r  

as a g a i n  t r a v e l i n g  th rough  t h e  same medium and t h e r e f o r e  h a v i n g  
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a p r o b a b i l i t y  o f  b e i n g  s c a t t e r e d  a g a i n  b e f o r e  r e a c h i n g  t h e  

s u r f a c e ,  w e  can w r i t e :  

dB = -n a Bdz' 
0 0  

-noaoz B = B'e  

s i n c e  B = B 1  when z '  = 0. Thus t h e  f r a c t i o n  o f  l i g h t  s c a t t e r e d  

a t  2;' = 0 which g e t s  o u t  a f t e r  t r a v e l i n g  d i s t a n c e  z '  i s  

e - n o a o z '  = e -noaoy/cos E 

I n  t h e  above d i s c u s s i o n  w e  have o m i t t e d  t h e  s c a t t e r i n g  

f u n c t i o n  b(a)  s i n c e  i t  depends o n l y  on a a n d  n o t  z o r  2'. We 

w i l l  now l e t  nOaO = 1/7 w h e r e  7 i s  t h e  mean a t t e n u a t i o n  l e n g t h  

o f  a beam o f  l i g h t  r a y s  i n  the  medium. If t h e  p a r t i c l e s  a r e  

f a r  a p a r t  ( a v e r a g e  d i s t a n c e  a p a r t  l a r g e  compared w i t h  d i a m e t e r  

o f  p a r t i c l e s )  t h e n  7 = l / n o a o  e x a c t l y .  If t h e  o b j e c t s  a r e  

c l o s e  t o g e t h e r ,  s h i e l d i n g  of  one o b j e c t  by a n o t h e r  w i l l  be 

common s o  t h a t  each  o b j e c t  i s  l e s s  e f f i c i e n t  a t  b l o c k i n g  

l i g h t  and hence 7 > l / n o a .  

L o m m e  1- S e e 1 i g e  r S c a t  t e r i  np Law 

The e n e r g y  l e a v i n g  a volume o f  t h i c k n e s s  dy and u n i t  a r e a  

- y h  C O W  exp  s d y .  i s  f o  - M u l t i p l y i n g  t h i s  by t h e  f r a c t i o n  e SO 
7 c o s 1  

which r e a c h e s  t h e  s u r f a c e ,  we o b t a i n  f o r  t h e  e n e r g y  l e a v i n g  p e r  

u n i t  s o l i d  a n g l e  p e r  second f r o m  a u n i t  a r e a  o f  s u r f a c e :  



t 
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a0 - y / ~  c o s i  
J foSoe  e -Y/T C O W  dy 

y=o 7 

r --_ 
I +- l i  3 

= f S  
0 0 ,  

cos€ c o s i  

Energy  ou t  p e r  
u n i t  a r e a  o f  l o  c o s i  cos€ 

o o i c o s i + c o s f  s u r f  ace = f S  r 

T h i s  i s  t h e  Lommel-Seeliger law. 

I n  t e rms  of t h e  b r i g h t n e s s  t h i s  ene rgy  i s  e x p r e s s e d  as  

B ( i , c  )cos€ Thus:  

The b r i g h t n e s s  i s  t h e  e n e r g y  th rough  a u n i t  a r e a  p e r p e n d i c u l a r  

t o  t h e  d i r e c t i o n  o f  o b s e r v a t i o n .  

The s i z e  of a u n i t  a r e a  of l u n a r  s u r f a c e  p r o j e c t e d  pe rpend i -  

c u l a r  t o  d i r e c t i o n  o f  o b s e r v a t i o n  i s  cos€ e T h e r e f o r e ,  we d i v i d e  

( 6 )  by cow t o  o b t a i n  f l u x  p e r  u n i t  a r e a .  Equa t ion  ( 7 )  must be 

m u l t i p l i e d  by t h e  p r o j e c t e d  l u n a r  a r e a  seen  by t h e  d e t e c t o r  and 

a l s o  m u l t i p l i e d  by t h e  s o l i d  ang le  subtended  by t h e  d e t e c t o r  as 

s e e n  f r o m  t h e  l u n a r  s u r f a c e .  

D e r i v a t i o n  o f  Hapke ' s  R e s u l t s  

The g e n e r a l  f e a t u r e s  of Hapke ' s  model have a l r e a d y  been  

d e s c r i b e d .  Hapke p o i n t s  ou t  t h a t  an o b s e r v e r  l o o k i n g  a l o n g  l i n e  

O ' P  ( s e e  F i g u r e  4 )  w i l l  on ly  see p a r t  of t h e  a r e a  o f  t h e  bot tom 

o f  t h e  c y l i n d e r .  R e f e r r i n g  t o  F i g u r e  4 t h e  viewed area i s  g i v e n  by 

A = a(a-x)  where x = z t a m .  A s  ment ioned e a r l i e r ,  Hapke now 

w r i t e s  
z c o s i  = z ' c o s c  = y 
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so that  the exiting r a y  is measured  to the lunar  s u r f a c e .  If one goes 

along with this ,  we can now write 

A = a (a -z t ana  ) = a2-az 'cosc  tanu / c o s i  

A = a'-ay sec  i tan a 

F r o m  this  the s e e n  f rac t ion  F = A / a Z  of the total  area A is  : 

X F = A / a Z  = 1-y(sec  i tan a)/a= 1 - - a 

The  f rac t ion  of the a r e a  which cannot be seen  d i r ec t ly  is: 

where  

( 9 )  

- X = y ( s e c  i tan n)/a 
a 

The expres s ion  f o r  F is not s y m m e t r i c a l  in  i and G .  

i t  s y m m e t r i c a l  i n  i and F: 

s e c  i 

In o r d e r  to make  

.Hapke then makes  the substi tution 

( s e c  i t s e c  c )  /2. 

Thus 

X - = y( sec i tana  ) /a  = y ( s e c  i + s e c  e )(tana.)/za a 

with this  subst i tut ion our  Equation ( 9 )  f o r  F becomes  
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A 7 = F - 1-y  (sec i t secg) ( tanq) /2a  
a 

2' c o s g  
= 1 - - ( -  t 1 )  tan a 2a c o s i  

This  expres s ion  for  F is the s a m e  a s  Hapke ' s  except that  in 

h i s  notation, his x is  our  x/a and his y is  o u r  a / 2 .  

a , A becomes  z e r o  for z> z 

Multiplying the seen  a r e a  by the exponential  a t tenuat ion factor  

F o r  a given 

where z tanm = a ;  za = a cotn . 
0 0 0 

and the unseen a r e a  by e -(zb'')JT , one obtains 
- Z / T  e 

Hapke makes  use of the  relation: 

z c o s  i = z 'cos  c = y 

so  that  

- Z / T  - Z I C O S ~  / cos i  - y s e c  i / T  
e = e  = e  

and  

Equat ion  (11) can be wri t ten i n  t e r m s  of xz '  a s :  

- z ' cosg  sec i  m - z'( 1-)/~ c o s g  dz '  
d z '  t [(a'- A )  e c o s  1 

0 
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Where  the  f i r s t  i n t eg ra l  is now 0 to m r a t h e r  than 0 t o  z 

but we specify A = 0 f o r  z > z e Putt ing sec i (sec i t sec e ) / 2  
0 

0 

i n  the f i r s t  exponential: (bu t  not the second)  

This i s  now r e v e r s i b l e  when we u s e  (10)  f o r  area A ,  t ha t  is ,  

the exac t  A with the substi tution sec i z ( s e c  i 4- s e c  e)/2.  

The  exponential i n  the second in tegrand  when wr i t t en  

) is s y m m e t r i c a l  i n  e and i. The in  the f o r m  y(- t- 

exponential  of the f i r s t  i n t eg rand ,  e 

1 1 
C O S e  cos  i 

- y  s e c  i / T  , is made s y m m e t r i c a l  

in i and E ,by . the  subst i tut ion s e c i  = ( s e c i  t s e c  c > / 2 .  

Express ing  the in t eg ra l s  i n  4-26 in  t e r m s  of y one  has 

lett ing a2B b e  the  s u m  of t h e  i n t e g r a l s :  

1 1 
aZB=a2 YO $ [ 1--(- Y 1  1 -Y( - t - . ) /h dy  i -) t a n a ]  e c o s e  c o s 1  

2a c o s i  cos e c o s  8 
0 

c o s  E 
YO 
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E q u a t i o n  (.13) d i v i d e d  by - ac; y i e l d s  t h e  l i g h t  e x i t i n g  per u n i t  c 0 Ly 

a r e a  o f  s c a t t e r i n g  c r o s s  s e c t i o n  p a r a l l e l  t o  t h e  l u n a r  s u r f a c e .  

D i v i d i n g  s imply  by a2 y i e l d s  t h e  l i g h t  e x i t i n g  p e r  u n i t  a r e a  

p e r p e n d i c u l a r  t o  t h e  d i r e c t i o n  o f  e x i t ,  'The l a t t e r  measure i s  

d i r e c t l y  r e l a t e d  t o  t h e  b r i g h t n e s s  which i3 t h e  q u a n t i t y  seen  

by a d e t e c t o r  s cann ing  t h e  l u n a r  s u r f a c e .  We w i l l  t h e r e f o r e  

d i v i d e  by a . I n  d i s c u s s i n g  r e v e r s i b i l i t y ,  however ,  one m u s t  

d i v i d e  by a / c o s ,  s i n c e  energy  i s  r e v e r s i b l e ,  n o t  t h e  b r i g h t n e s s .  

2 

2 

I T h i s  w i l l  e l i m i n a t e  t h e  d / c o q  f a c t o r  i n  E q u a t i o n  (.13),, Excep t  
j 

/ 

f o r  t h i s  f a c t o r ,  t h e  i n t e g r a n d  i n  E q u a t i o n  ( 1 3 )  i s  r e v e r s i b l e ,  

t h a t  i s ,  unchanged w i t h  r e s p e c t  t o  a.n i n t e r c h a n g e  o f  i and 

The area f a c t o r s  i n  b o t h  i n t e g r a l s  have a l r e a d y  been  

symmetrized i n  i a n d  Q by t h e  s u b s t i t u t i o n  s e c  i"-(sec i + s e c c  ) / 2 0  

Note t h a t  y = z F c o s  a Therefore y = z o c o d  NOW yo = 0 

a c o t u c o ~  . Thus a l t h o u g h  t h e  i n t e g r a n d  i s  i n v a r i a n t  unde r  an 

exchange  of i and c ,  t h e  l i m i t  i n  y 1s n o t  i n v a r i a n t .  W e  t h e r e -  

- f o r e  r e p l a c e  c o s  i n  t h e  l i m i t  b y  

where .t = e 

0 

cow + e o s i  
2 30 y o  = t a c o t u ,  

cow + c o s i  
2 

W e  now c a r r y  b u t  t h e  i n t e g r a t i o n  w i t h  t h e  i n t e g r a n d  expre8sed  

i n  t e r m s  o f  y :  

L e t  l / cosc  + l / c o s i  = b. The n e t  e x p r e s s i o n  i s  t h e  form 
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'0 

( 1 4 )  
Now:  

+ !e- 
Yo 

+ 

C o l l e c t i n g  t e r m s :  

c o s i  Now b = l / c o q +  l / c o s i  and  C = c o ~ + c o s i / 2  s o  b.C= : ( l + - ) ( q + l ) e  

U s i n g  t h e  i m p l i c a t i o n  o f  Hapke's s y m m e t r i z i n g  s u b s t i t u t i o n  t h a t  
k. 0% cos1 

c o s i  % c o q  ,. b& = 2 and  bees = 2 ,  one  o b t a i n s  

\ 

i 
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I, 
(1 '6)  

W e  now compare  t h i s  w i t h  Hapkegs formula 4-31 r e f e r e n c e  3 0  

H a p k e  w r i t  e s 

3 - 2  H a p k e  s y i s  o u r  a/2. In our n o t a t i o n ,  - T *  g =  7 

y i s  t h e  v e r t i c a l  d i s t a n c e  o f  il s c a t t e r i n g  p o i n t ;  below the 

mean lunar surface 
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M u l t i p l y i n g  o u t  Hapke ' s  e x p r e s s i o n  ( 1  7 )  and s u b s t i t u t i n g  

g = a / T  we o b t a i n  

(18)  

E x p r e s s i o n  ( 1 8 )  of Hapke a g r e e s  w i t h  o u r  d e r i v a t i o n  o f  h i s  

r e s u l t ,  E q u a t i o n  ( 1 6 ) .  

We now modify E q u a t i o n  (15)  i n  a p l a u s i b l e  way i n  o r d e r  t o  

o b t a i n  a fo rmula  which g i v e s  q u i t e  good agreement  w i t h  e x p e r i m e n t a l  

d a t a .  We f i r s t  n o t e  t h a t  ( 1 5 )  w a s  o b t a i n e d  by i n t r o d u c i n g  t h e  

symmetr iz ing  subs t i t u t ions  1 / c o s i  = *(  1 / c o s i + l  / cos  E ). T h i s  

i m p l i e s  t h a t  t h e  formula  should be v a l i d  when c o s  i 2 cos  € .  

T h i s  is o n l y  t r u e  f o r  s m a l l  v a l u e s  o f  i and E .  i and F can  d i f f e r  

f r o m  e a c h  o t h e r  b y  l a r g e  p e r c e n t a g e s  b u t  t h e  c o s i n e s  o f  each  w e l l  

o n l y  d i f f e r  s l i g h t l y  i f  t h e  a n g l e s  a r e  s m a l l .  The q u a n t i t i e s  

b l  and b y o ( = b l  a c o t  2 )  

f u n c t i o n s  o f  i atid c .  i and can  d i f f e r  f r o m  each  o t h e r  many 

fold w h i l e  bl w i l l  remain e s s e n t i a l l y  c o n s t a n t .  F o r  example 

when i = o and E = 0 ,  bl = 2 ,  When i = o and € = 4 5 O  bl = 2.05. 

i n  E q u a t i o n  ( 1 5 )  a r e  s l o w l y  v a r y i n g  
I 

I 

The one f a c t o r  i n  E q u a t i o n  ( 1 5 )  which i s  n o t  c o n s i s t e n t  w i t h  t h e  

symmetr iz ing  s u b s t i t u t i o n  i s  the  f a c t o r  l / b .  l / b  i s  t h e  Lommel- 

S e e l i g e r  f a c t o r  and i n  t h a t  sense  shou ld  be p r e s e n t .  The Lommel- 

S e e l i g e r  f a c t o r ,  however ,  i s  much more s e n s i t i v e  t o  l a r g e  

d i f f e r e n c e s  between i and I n  t h e  s p i r i t  o f  t h e  d e r i v a t i o n  

however ,  t h e  fo rmula  shou ld  only  be v a l i d  f o r  i - c e It may-  be 

used  f o r  a wide range of v a l u e s  o f  i and E f o r  which t h i s  

hl 
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c o n d i t i o n  i s  n o t  t r u e  i f  the  f u n c t i o n  i s  r e l a t i v e l y  i n s e n s i t i v e  

t o  v a l u e s  o f  i and < .  On the  b a s i s  o f  t h i s  r equ i r emen t  w e  w i l l  

r e p l a c e  l / b  c o s  € by l / b l  .when w r i t i n g  a n  e x p r e s s i o n  f o r  B. 

S i n c e  b l  as w e l l  a s  b c o s  € e q u a l s  2 when i = F t h i s  g i v e s  

Hapke s fo rmula  ( 1  6 )  f o r  B.  Thus w e  now end up w i t h  an ex- 

p r e s s i o n  f o r  B ,  which happens t o  be symmet r i ca l  i n  i and € 

a l t h o u g h  t h i s  i s  n o t  r e q u i r e d .  

R e f e r r i n g  t o  t h e  s t a r t i n g  E q u a t i o n  ( 1 1 )  we n o t e  t h a t  t h e  

f i r s t  i n t e g r a l ,  which i s  a l a r g e  t e r m ,  shows no a t t e n u a t i o n  o f  

t h e  l i g h t  a s  i t  l e a v e s  t h e  c y l i n d e r  a f t e r  b e i n g  s c a t t e r e d  by 

t h e  s e e n  a r e a  o f  t h e  base .  P u t t i n g  H a p k e ? s  symmetr iz ing  condi -  

t i o n  i n  t h e  e x p o n e n t i a l  i s  e q u i v a l e n t  t o  i n t r o d u c i n g  a t t e n t u a t i o n ,  

on t h e  way ou t  o f  t h e  c y l i n d z r  ( e x c e p t  t h a t  t h e  a t t e n t u a t i o n  f a c -  

t o r  i s  o n l y  h a l f  o f  what i t  would be i f  t r u e  a t t e n t u a t i o n  were 

t a k i n g  p l a c e ) ,  The t w o  remain ing  i n t e g r a l s  c o n t a i n  a t t e n u a t i o n  

t e r m s  for l i g h t  e n t e r i n g  t h e  medium a s  w e l l  a s  f o r  l i g h t  l e a v i n g  

t h e  medium. One might  s a y  t h a t  t h e  f i n a l  l / b  f a c t o r  (Lommel- 

S e e l i g e r  l a w )  e n t e r s  l e g i t i m a t e l y  f r o m  t h i s  p a r t  o f  t h e  t o t a l  

E q u a t i o n  ( 1 1 )  (Area A i s  s t i l l  symmetr ized a r t i f i c a l l y  i n  a l l  o f  

t h e  i n t e g r a l s ) .  S i n c e  l / b  i s  i n t r o d u c e d  a r t i f i c a l l y  i n  t h e  f i r s t  

l a r g e  i n t e g r a l  one may a rgue  t h a t  i t  i s  p e r m i s s i b l e  t o  t a k e  i t  

o u t  f r o m  t h e  end r e s u l t  by r e p l a c i n g  i t  by l / b l .  

A t  any r a t e  we now adop t  t h e  formula  
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where [ ] r e p r e s e n t s  t h e  te rms  i n  b r a c k e t s  i n  W e  now 

i n t r o d u c e  t h e  Lommel-Seeliger l a w  b y  w r i t i n g  f o r  our  f i n a l  

fo rmula  
# 

2 2 1 c o s  i c o s  E 

b2 3 ( c o s i + c o s  ) 
B C O S  € = - c 3  = ,E 3 0 

T h i s  i s  t h e  "new p h o t o m e t r i c  f u n c t i o n ' '  u s e d  i n  C h a p t e r  11. 

M o d i f i c a t i o n  o f  H a p k e ' s  Model - - 
W e  now modify Hapke ' s  model by  e x p l i c i t l y  t r u n c a t i n g  t h e  

s q u a r e  i n c i d e n t  l i g h t  c y l i n d e r s  a t  r i g h t  a n g l e s  t o  t h e  i n c i d e n t  

l i g h t .  The s u r f a c e  o f  t h e  c y l i n d e r  i s  n o t  t h e  l u n a r  s u r f a c e .  

T h e r e f o r e ,  t h e  a n g l e s  i and E do n o t  e n t e r  t h e  geomet ry  and t h e  

r e l a t i o n s h i p  z c o s  i = z q c o s €  which b a s i c a l l y  l e a d s  t o  t h e  

Lommel-Seel iger  law i s  no l o n g e r  a p p l i c a b l e ,  T h i s  m o d i f i c a t i o n  

c o r r e s p o n d s  t o  c a s e  l ( a ) .  

R e f e r r i n g  t o  F i g u r e  4 ,  the  t o t a l  i n t e g r a l  i s  

0 0 

+ o  
Z 

0 

The f i r s t  i n t e g r a l  i s  t h e s e e n  a r e a  t i m e s  t h e  incoming a t t e n u a t i o n  

f a c t o r ;  t h e  second i n t e g r a l  i s  t h e  u n s e e n  a r e a  t i m e s  incoming 

a t t e n u a t i o n  f a c t o r  t i m e s  ou tgo ing  a t t e n u a t i o n  f a c t o r . -  Both i n -  

t e g r a l s  are  i n t e g r a t e d  betwen z = 0 and z = z o e  z o  i s  t h e  

maximum v a l u e  f o r  z for which t h e  bot tom a r e a  c a n  be seen .  

~ 
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z o  = a / t a n  a .  BoOh z and z p  &re measured t o  t h e  common edge  

o f  t h e  s e e n  and u n s e e n  a r e a .  W e  w i l l .  e x p r e s s  t h e  i n t e g r a n d s  

i n  t e r m s  of z u s i n g  t h e  f a c t  ?ha% z q  = B / C C E S  CT The i n t e g r a n d  

i n  t h e  f i r s t  i n t e g r a l  is zero af-:;e17 z = z o  s i n c e  after t h a t  x = a. 

/- 
i 
i 

/ 

I 
4 

i 

x i n  t h e  second i n t e g r a l  i s  repl2tced by a and t h e  i n t e g r a l  ex- / 
I 

I t e n d e d  from z = z o  t o  a5 shown i n  t h e  t h i r d  i n t e g r a l .  I n  
/ 

t e r m s  of z ,  ( 2 0 )  becomes 
I 

=J 
0 

z a  

J 

0 

3 z '  a r e  measured f rom t h e  G O ~ I T J O P ~  edge o f  t.,e seen and t h e  

unseen  a r e a s .  

C a r r y i n g  o u t  t h e  i n t e g r a t i o n s  y i e l d s  t h e  f i n a l  r e s u l t :  

-a/7 t a q  
2 a 7  2 2 

c o s  z - - -{ a 2 T  -a7 2 t a m  -+ (--- -a T +a7 2 tam ) e  -a T'tanS 
a 

cosu 2 t am ( l+co ," rx . )  

The f l u x  o f  emergent  l i g h t  i n  t e r m s  of the f l u x  o f  i n c i d e n t  

l i g h t  S o  i s  t h e n  
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7 s i m c o S T  T - a / T  t am sop b ( a  ) 
( r e )  - - ' 1 -  - t a m +  a a 2 + ( ; t a a ) e  

( 3 + c o s 2 )  
I 

c o s  a c 

( 2 3 )  
Lsim COST Ie-a( I +cos ) / T  s i m  a27 . 
( 1  + C O S T  ) 1 - 

2 a 

The a p p e a r a n c e  of c o s l  i s  t h e  denomina to r  c a u s e s  t h e  c u r v e  

f o r  B ( Z , g )  t o  r i s e  s h a r p l y  a s  Z -A 9 0 ° .  

It i s  i n t e r e s t i n g  t o  no te  t h a t  i f  t h e  f a c t o r  l / cosy  i s  

- ( Z + Z / C  0 ST ) /'T removed and i f  w e  a l s o  r e p l a c e  t h e  i n t e g r a n d s  e 

by t h a t  i s ,  d i s c a r d  the  COS i n  t h e  i n t e g r a n d  a l s o ,  

t h e n  t h e  f u n c t i o n  

i n t e g r a t e s  t o :  

The e x p r e s s i o n  i n  brackets i n  ( 2 4 )  i s  H a p k e ' s  r e t r o d i r e c t i v e  

f u n c t i o n  ~ ( 2 ) .  

N e g l e c t i n g  t h e  l / c o s l  f a c t o r  i n  t h e  p r e c e d i n g  d e r i v a t i o n  

i s  e q u i v a l e n t  t o  a t t e n u a t i o n  o f  t h e  l i g h t  on t h e  w a y  o u t  o f  t h e  

medium ( a f t e r  b e i n g  s c a t t e r e d )  by t h e  same amount a s  i t  w a s  

a t t e n u a t e d  i n  r e a c h i n g  t h e  s c a t t e r i n g  c e n t e r ,  I f  t h e  e x p o n e n t i a l s  
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a re  r ega rded  a s  a measure o f  p r o b a b i l i t y ,  t h e n  t h e  p r o b a b i l i t y  

o f  p e n e t r a t i o n  t o  a d i s t a n c e  z i s  t a k e n  as  t h e  same as a pro-  

b a b i l i t y  o f  e s c a p i n g  a f t e r  be ing  s c a t t e r e d  a t  z .  The re  i s  no 

p h y s i c a l  b a s i s  f o r  t h i s  assumpt ion  b u t  i t  i s  i n t e r e s t i n g  t h a t  by 

making i t ,  we a r r i v e  a t  Hapke ' s  r e t r o d i r e c t i v e  f u n c t i o n ,  I n  

t h e  p r e v i o u s  d e r i v a t i o n  o f  Equa t ion  ( 2 3 ) ,  t h e  l / e o S  t e r m  

shou ld  c e r t a i n l y  n o t  be inc luded  i n  t h e  f i r s t  i n t e g r a l ;  t h a t  i s ,  

t h e  i n t e g r a l  i n v o l v i n g  t h e  l i g h t  f r o m  t h e  s e e n  a r e a  which es- 

c a p e s  back  th rough  t h e  i n c i d e n t  l i g h t  t u b e  w i t h o u t  a t t e n u a t i o n ,  

With t h i s  change ,  one  o b t a i n s  t h e  f o l l o w i n g  r e s u i t s  f o r  

i n t e g r a t i o n s  : 

The i n t e g r a l s  a r e  

0 0 0 

2 2 a7 2 t a m 2 c o S  2 -a/' tam. +aT t a m e  2 = + a  7-a7 t a m +  
( 1  +2CO& ) 

( 1  +2coSrx. ) 2 2aT tames e- 27sira2 ,-. - 
( 1  +2COsl, ) "  

W e  now d e r i v e  a n o t h e r  r e t r o d i r e c t i v e  f u n c t i o n  pay ing  c l o s e r  

a t t e n t i o n  t o  t h e  p h y s i c a l  d e t a i l s  which shou ld  be t a k e n  i n t o  

c o n s i d e r a t i o n  i n  t h i s  model. S p e c i f i c a l l y ,  we w i l l  t a k e  i n t o  

a c c o u n t  t h e  f a c t  t h a t  t h e  l i g h t  s c a t t e r e d  f r o m  t h e  unseen  a r e a  
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w i l l  n o t  a t t e n u a t e  u n t i l  i t  e s c a p e s  from t h e  c y l i n d e r .  The 

o u t g o i n g  a t t e n u a t i o n  d i s t a n c e  m u s t  now be measured from t h e  

c e n t e r  of t h e  unseen  a r e a .  

T h i s  means t h a t  b e f o r e  z r e a c h e s  z o s  

t h e  a t t e n u a t i o n  p a t h  i s  AP a s  shown i n  F i g u r e  5. 

t h e n  become: 

T h i s  c o r r e s p o n d s  t o  c a s e  l ( b ) .  

z = 2z 'cosX.  When z >zos 

The i n t e g r a l s  

a / t  am 
( a 2 - a z t a m  ) e  -Z/T d z + a t a m g  z e  - (z+z/2c0sz  )/Tdz/2COSt 

0 

where upon u s i n g  t h e  f o l l o w i n g  r e l a t i o n s :  

X 
2 t a m  

. e 1  = z - t  

. c =  

dz d(AP) = - cosz 

w e  o b t a i n  t h e  f o l l o w i n g  r e s u l t  f o r  t h e  i n t e g r a l s  

CI 

- a / 2 ~ s i m  - ( ~ + ~ c o ~ ) / ~ t a n z ~  e ( I  +1/2coa )a/7 t a m  Xe 
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R e s c l t  s o f  t h e  c a l c u l a t i o n s  with t h i s  e x p r e s s i o n  2re dis?-L(zC;<:d 

i n  Chapter’ I Io  

We n’jw g e n e r a l i z e  t c  the e x t e n t  of‘ a l l c w i n g  the s u r f a ; ~ ,  

f a c e t  upon w h i ~ h  t h e  i n c o m i n g  l i g h t  i s  i n c i d e n t  to make a n  

a n g l e  [3 w i t h  ~ 6 s p e c . r  t o  t h e  n o r m a l  t o  t h e  i n c i d e n t  l tght ,  

c y l i n d e r ,  H o w e v e r .  t h e  i n c i d e n t  l i g h t  a - ? - ; e n u a t i o n  patrh i s  m e a ,  

ured ^ ; c y  center o f  5 e e n  area and a t t e n u a t i o n  p a t h  o f  l i g h t  a g a i n  

t o  pnd f r o m  r h r  u n s e a n  a r e a  is m e a ? u r e d  t s  the : en t e r  Chf t h e  

u n s e e n  zrei.d, Again  one  rnus-t avsragc, t h e  f i n a l  r @ s u l * ,  ovelt all 

v a l u e s  n f  8 .  T h i s  c o r r e s p o n d s  t o  case 2 .  
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R e f e r r i n g  t o  F i g u r e  ..6 we take C O P  a.s t h e  d i s t a n c e  over which 
i 

t h e  fngir%Dg f i g h t  h i t t i n g  t h e  unseen area. s f  t h e  bot tom of  t h e  

c y l i n d e r  i s  a t t e n u a t e d ,  DE i s  t h e  a t t s n u a t i o n  d i s t a n c e  f o r  t h e  

J-ighx i n c i d e n t  upon t h e  s e e n  area o f  $he bo t tom o f  t h e  c y l i n d e r .  

Both d i s t a n c e s  a r e  p a r a l l e l  t o  t h e  i n c i d e n t  r a y s  and a r e  measured 

t o  t h e  midpo in t  o f  t h e  unseen  and t h e  s e e n  p o r t i o n s  r e s p e c ? i v e l y  

of t h e  b o t t o m  o f  t h e  c y l i n d e r .  Only t h a t  p o r t i o n  o f  t h e  e x i t i n g  

p a t h  o u t s i d e  o f  t h e  c y l i n d e r  s h o u l d  e n t e r  t h e  e x p o n e n t i a l  a t t sn l r a -  

t i o n  f a c t o r ,  The i n t e g r a l s  t o  be e v a l u a t e d  are: 

The l i m i t  z v  i s  i n t r o d u c e d  since f o r  p o s i t i v e  @ when a reaches  
0 

i t s  maximum v a l u e  of 9 0 ° ,  
z o  

a t  w h i c h  t h e  a r e a  of t h e  scattaring c e n t e r  can be seen .  

i s  t h e  minimum d i s t a n c e  f r o m  z =: 0 

W e  now w r i t e  t h e  n e c e s s a q -  relationships f o r  c s s e  2 .  AR is 

t h e  s u t g o i n g  a t t e n u a t i o n  p a t h ;  
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a s i n  Q 

W e  now need an e x p r e s s i o n  for x i n  t e r m s  o f  z .  

Thus 

where 

a 
2 BP' = z - - t an0 

x = z t a m  - -? tamtang a 

X = C Z + d  

( 2  = t a m a n d  d =I - 

- 

a t  a m  t an8 
2 

z c o s  a s in6  AP = 

c o s 0  a t a m t a n s  
s i m  
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o r  AP = A z + B ,  where 

and 

a cosBtanB tarn- a tanB 
( a t  -- ,!t -- 0 B = - 5 x z g  2 2 c o s  

I n  t h e  second  i n t e g r a l  d z C  I d ( A P )  = A d z ,  I n  t h e  f i r s t  i n t e g r a l  

w e  s h a l l  t a k e  d z r  = d z .  When x = a, z = z t h e  maximum z for 

which t h e  bot tom can  be  seen  a t  a g i v e n  a ,  
0' 

W e  now o b t a i n  a n  e x p r e s s i o n  for A T t 9  in t e r m s  0f Z ,  F a r  

example CP ' E :  

A f t e r  z = z t h e  following r e l a t i o n s  hold: 
0 

a a 
- 2  2 s i m  

A P B r  - - - ~ ~ t a  L Q A '  = 



. 
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where  

t = F ( t a n @ + c o t a )  a 

z L P A ? - P , L t A 9  A ' P "  = t 

A ' P "  = z a a - a (- z - 1 )  - 215sim 2 s i m  2si.m I, 

= c z + d  
2 2  

w h e r e  

a 1 f d 2 - -  - a - -  - c -. 
2 - 2tsim s i m ( t a n B + c o t z )  2 :s i m  

Incoming a t t e n u a t i o n  d i s t a n c e  f o r  area whish can be seen  i s  

Z a 2 DE = z+ -tanB X = z +  --t;a.nBtam---i;amta.n 0 2 2 4 
2 t a m t a n 8  a = z ( l +  ) -  5 t a m t a n  3 

D E = c  z + d l  1 
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where  

Lana tang c1 = 1 3 .  
2 

a tana tanZB 
4 d1 = - 

Incoming attenuation d i s t ance  f o r  area which cannot  be s e e n  is 

2 

) CO' = z(1t-) tan a - -( a 1 .+ tan2a tang 
2 2 2 

where  

ta n2q 
c3 = 1 . t  - 

2 

a tanza tang ) 
2 2 

In t eg ra l s  (20 )  a r e  expl ic i t ly  fo r  this c a s e :  

d3 = - - ( 1  t 

, 
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co 
2 - (  z + c ~ z + ~ ~ ) / T  + S a  e c dz  2 2 

0 

where : a 2 = area o f  i n t e r c e p t i n g  e l e m e n t  

c = tam 

-atam t& 
2 d =  

A =  

a B = - -  
2 

t am tan@ 
2 1- a 

2 c o a  

t a m  tana 
2 -> + - a t a n @  

2 c o a  

0 0 

m 

dz - (  1 +c2)2/7 s e  2 ~2-d2/T + a e  

Z O  
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tam tan6 
2 

d r r  
. .  

tam fane 
2 c1 3 1+  

. 

c = tam 

dl  z - 4  tamtan  8 2 . 
e 

. - I .  

4 . 
tarDttanB . 1 

A =' -% cos 3 - 6  (1+ 2 )- acoar 
2 tan 3 

2 C 3 P 1  + -  . .  

2 
) 

1:. t a n  a tan6 
2 d - - ( l +  , 3 2 

B = - $ t a n @ A  

1 .  
C2= slim (tanB+cota ) 

' 1  
2s im d2= - 

a tan0 - -  = t ,  - 2 

The .f inal resu l t  o f  integrating gives! 
. .  
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The p r e c e e d i n g  r e t r o d i r e c t i v e  f u n c t i o n  must now be m u l t i p l i e d  

by t h e  p r o b a b i l i t y  t h a t  a s l o p e  w i l l  have a g i v e n  v a l u e .  I f  t h e r e  

i s  any s i g n i f i c a n c e  t o  a d i s t r i b u t i o n  o f  s l o p e s  t h e  d i s t r i b u t i o n  

must be about  t h e  l o c a l  normal t o  t h e  mean l u n a r  s u r f a c e  (or d e f i n e d  

w i t h  r e s p e c t  t o  a t a n g e n t  t o  t h e  mean l i n e a r  s u r f a c e ) .  For t h e  

. p u r p o s e s  o f  atrial c a l c u l a t i o n  we s h a l l  t a k e  a ve ry  s imple  weight  

. f u n c t i o n ,  f o r  example t h e  p r o b a b i l i t y  o f  a g i v e n  s l o p e  may be t h e  

same between +600 and -600 measured f r o m  t h e  t a n g e n t  t o  t h e  mean 

l u n a r  s u r f a c e .  Le t  be t h e  ang le  between t h e  s u r f a c e  f a c e t  and 

t h e  mean l u n a r  s u r f a c e .  See F i g u r e  7 The r e t r o d i r e c t i v e  f u n c t i o n  

h a s  been  d e r i v e d  i n  t e rms  o f  t h e  a n g l e  B which i s  t h e  ang le  between 

t h e  s u r f a c e  f a c e t  and n o r m a l  t o  t he  d i r e c t i o n  o f  t h e  i n c i d e n t  light. 

T h e r e f o r e  i t  i s  n e c e s s a r y  t o  r e l a t e  8 '  t o  6. One should  no te  t h a t  
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i f  t h e  r e t r o d i r e c t i v e  f u n c t i o n  i s  i n t e g r a t e d  o v e r  a range  of 

s l o p e s  t h e n  t h e  Lommel-Seeliger f a c t o r  shou ld  be mod i f i ed  t o  

t a k e  i n t o  accoun t  t h e  f a c t  t h a t  t h e  l u n a r  s u r f a c e  i s  made u p  of  

many f a c e t s  and modify t h e  d e r i v a t i o n  of t h e  Lommel-Seeliger 

law a c c o r d i n g l y .  T h i s  w i l l  be  done s h o r t l y .  I n  t h e  mean t i m e  

w e  d e n o t e  t h e  modi f ied  Lommel-Seeliger f a c t o r  by L ( i , c  ,a , B )  

where i t  i s  now a f u n c t i o n  o f  a and 8 as w e l l  as  i and c .  The 

s c a t t e r i n g  f u n c t i o n  w i l l  be denoted  by s ( a ) .  Thus t h e  i n t e g r a l  

t o  be performed i s  

d i v i d e d  by a n o r m a l i z i n g  f a c t o r  j f ( 8 ' ) d B ' .  

The g e n e r a l  i n t e g r a l  can  be e x p r e s s e d  i n  t e r m s  o f  B and i s  

t h e r e f o r e  o f  t h e  form: 

I n  g e n e r a l  d8'=dB. 

W e  have  now i n t r o d u c e d  t h e  f a c t  t h a t  f ( S ' )  = f ( @ )  = 1, One 

m u s t  now s imply  be c a r e f u l  i n , s t a t i n g  t h e  l i m i t s  when t h e  

i n t e g r a t i o n  i n  B i s  c a r r i e d  out .  The l i m i t s  w i l l  be a f f e c t e d  

by t h e  v a l u e  o f  t h e  a n g l e  of  i n c i d e n c e ,  i ,  w i t h  respec t  t o  t h e  

normal  of t h e  mean l u n a r  s u r f a c e .  F o r  computer  e v a l u a t i o n  

of  t h e  i n t e g r a l  one w i l l  s p e c i f y  a v a l u e  of T / a  and a l s o  a 

v a l u e  of  z .  W e  m u s t  now a l s o  s p e c i f y  t h e  value o f  i. F o r  

e a c h  s e t  of t h e s e  t h r e e  q u a n t i t i e s  one w i l l  c a r r y  o u t  a n  
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i n t e g r a t i o n  over  B . I n  o r d e r  t o  i l l u s t r a t e  t h e  l i m i t s  on B w e  

g i v e  a s p e c i f i c  example. 

1. Say 8kaX = 8; = 60°. I f  i = 35O B w i l l  range from 0 

t o  6-35 = l 8 A l  -1. For p o s i t i v e  B , a range  i s  Oo t o  l i n e  of 

ho r i zon  (mean l u n a r  s u r f a c e ) ,  t h a t  is, t o  9 0 - i .  Thus f o r  any 

a,Oo t o  90° - i ,  i n t e g r a t e  13 from Oo t o  l B A ] - i .  See F igure  9b. 

a. For n e g a t i v e  B , B <  i; f o r  a ' s  less t h a n  

9 O - ( i - B ' )  i n t e g r a t e  B from 0 t o  -i. F igure  

9 (c )  

b .  For n e g a t i v e  B , l@l>i; f o r  a ' s  less t h a n  

9 0 - ( i - 8 ' )  i n t e g r a t e  8 from 0 t o  - i - B m a x  o r  only 

t o  -90° i f  li+Bm,,1>900. F i g u r e  9 ( d ) .  

The above r o u t i n e  m u s t  be c a r r i e d  o u t  f o r  each  v a l u e  of a 

f o r  v a r i o u s  v a l u e s  of i. 
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- M o d i f i c a t i o n  'of Lommel-Seeliger F a c t o r  

I f  one makes a c o r r e c t i o n  t o  t h e  r e t r o d i r e c t i v e  f u n c t i o n  

a s s o c i a t e d  w i t h  t h e  i n c l i n a t i o n  o f  t h e  l u n a r  f a c e t s ,  t h e n  t h e  

Lommel-Seeliger l a w  shou ld  be mod i f i ed  i n  a s i m i l a r  w a y  i n  o r d e r  

t o  c o n s i s t e n t l y  t r e a t  a l l  f a c t o r s  i n  t h e  o v e r a l l  b r i g h t n e s s ,  

R e f e r r i n g  t o  F i g u r e  8 ' ,  AM r e p r e s e n t s  t h e  mean l u n a r  s u r f a c e  

and MP a ' s u r f a c e  f a c e t ,  930' i.s t h e  d i x c t i o n  o f  i n c i d e n t  l i g h t  

and O ' P  t h e  d ' i r e c t i o n  o f  c.ii+;g.oing l i g h t ,  A O !  = y i s  t h e  

p e r p e n d i c u l a r  d i s t a n c e  of 0 '  below t h e  mean l u n a r  s u r f a c e .  The 

o u t g o i n g  l i g h t  w i l l  be a t t e n u d t e d  over t h e  d i s t a n c e  O ' P  r a t h e r  

t h a n  t h e  d i s t a n c e  O ' M  as  i n  t h e  u s u a l  Lommel-Seeliger d e r i v a t i o n ,  

I n  t h e  p r e s e n t  d e r i v a t i o n  w e  c o n s i d e r  t h e  s p e c i a l  c a s e  where 

a n g l e s  i ,  and 5 are  a l l  i n  t h e  s a m e  p l a n e .  We r : . ~ l l  t h e n  average 

t h e  m o d i f i e d  Lommel-Seeliger l a w  s o  d e r i v e d  b y  w e i g h t i n g  t h e  

r e s u l t i n g  f u n c t i o n  b y  t h e  f a c t o r  f(S ) Although t h i s  p r o r e d u r e  

i s  n o t  g e n e r a l  i t ,  s h o u l d  g i v e  one  a good measure o f  t h e  impor t ance  

of r e c o g n i z i n g  t h e  d i s t i j i b u t i s n  o f  s l o p e s  over t h e  l u n a r  s u r f a c e  

From t r i a n g l e  O P M ,  b y  l a w  o f  s i n e s :  

O P  s i n  8 
PM = -0-i-a) 

I From t r i a n g l e  O O ' P :  

I 

2' op - - 
s i n  a s i n (  9 0 + i - @ )  
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Thus 

= z [ s i n p s i r a (  ) 
c o s  i x T ) c o s  i - B  

Thus t h e  u s u a l  r e l a t i o n s h i p  

y = z c o s i  = z s c o x  

used  i n  d e r i v i n g  t h e  Lommel-Seeliger law i s  r e p l a c e d  b y  

y = z c o s i  = (zv+PM)cos€ 

. Thus 

Equation 4-21 w o u l d  t h e n  be r e p l a c e d  by 

T h i s  e x p r e s s i o n  i s  n o t  symmetr ica l  i n  i a n d  T o  symmetr ize  

i t  w e  m u l t i p l y  c o s i  by t h e  same c o r r e c t i o n  f a c t o r  b u t  r e p l a c e  i 

b y  i n  t h e  c o r r e c t i o n  factor. Thus -the Lommel-Seeliger l a w  
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which w e  w i l l  work w i t h  w i l l  be  -the f o l l o w i n g :  

LS = d f o E  8 - 
I 1 

1 s i n 6  s i m  4- --- 
c o s i (  I + cos€ ( 3 +  c o s ~ + c r ) c o s ( i - ~ )  C 

S i n c e  a = c - i ,  t h i s  can  a l s o  be w r i t t e n ,  a f t e r  changing  

s i n g  s i m  c s i n e  s in (F  -i) do ? +  - ’+ cos(i+cz ) c o s ( i - p )  cos< C O S (  i-e ) 

and t h e n  c o s i  by t h e  s a m e  t e s m s  a f % e r  i n t e r c h a n g i n g  i and c .  

Note t h a t  i n  E q u a t i o n  (32 )  when t h e  c o r r e c t i o n  t e rm t o  c o x  i s  

p o s i t i v e  t h e  c o r r e c t i o n  t e r m  t o  c o s i  i s  n e g a t i v e .  T h e r e f o r e  

s y m m e t r i z a t i o n  m a y  ove r  compensate i n t r o d u c i n g  t o o  l a rge  a 

c o r r e c t i o n  t o  c o s i .  It m a y  t h e r e f o r e  be more r e a s o n a b l e  p h y s i c a l l y  

t o  d i v i d e  e a c h  c o r r e c t i o n  t e r m  by 2 S O  t h a t  a b e t t e r  approximate  

fo rmula  m a y  be : 
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- LS = 
1 1 

s i n e s i n  i cosi(l+ - 2cosicos C - B  

I n  t e r m s  of 'a  and i t h i s  equat ' ion becomes 

i 35) 

I 
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Numerical  C a l c u l a t i o n s  

* *  . . .  . . .  
, . , . .  

F o r  c a s e s  1(a) and 3 ( b )  t he  t o t a l  l i g h t  f l u x  i r e a c h i n g  a '  

d e t e c t o r  o f  a r e a  a i s  g i v e n  by the prbduct. o f  t h r e e  f a c t o r s o  

( 1 )  The Lommel-Seeliger f a c t o r :  

t h e  f a c t  t h a t  one i s  l o o k i n g  a t  a p r o j e c t e d  a r e a  h a s  b e e n . t a k e n  

1 E /cosio I n  t h i s  f o r m  

i n t o  accoun t  s i n c e  t h e  e n e r g y  ou t  p e r  u n i t  a r e a  o f  s u r f a c e  given 

by E q u a t i o n  4-23 h a s  been  d i v i d e d  by c o w  (2.) The s c a t t e r i n g  

f u n c t i o n  b (a) ,  ( 3 )  T h e . r e t r o d i r e c t i v e  f u n c t i o n  R ( a , g ) d  F o r  t h e  

r e t r o d i r e c t i v e  f u n c t i o n  one may use  <iny of the e x p r e s s i o n s  p r e v i o u s l y  

d e r i v e d .  The p r o d u c t  o f  the ;+a  f a c t o r s  must be  m u l t i p l i e d  by , 

SopAda.  S o  is solar e n e r g y  per' uni t ;  a c e i l  o f  s o l a r  b e a m .  

f a c t  t h a t  t h i s  i s  splredd o v e r  a l u n a r  zrt2a l / c ' ~ s i  w a s  t a k e n  i n t o  

The 

a c c o u n t  i n  d e r i v i n g  t h e  Lommel-Seeliger f a c ' t o r .  d2 i s  t h e  s o l i d  

a n g l e  aubtended  a t  t h e  s u r f a c e  o f  t h e  d e t e c t o r :  dii = a /R2 where . .  

Aa 
a i s  t h e  area o f  t h e  d e t e c t o r .  

a n g l e  sub tended  by t h e  v i e w c ; d  l u n a r  area. 

A d 3  = - = adw where d W  i s  t h e  

dw, w i l l  be governed  
R2 

by t h e  l e n g t h  o f  t h e  C le t ec t a r  rub(-! ( S g e  F i g u r e  9 ) .  

c o e f f i c i e n t  o f  r e f l e c t i o n  o f  t,he l u n a r  mbt-ter.  

p i s  t h e  

The f i n a l  

e x p r e s s i o n  i s  t h e n  

I n  a p p l y i n g  E q u a t i o n  ( 3 6 )  t o  t h e  m o o n  as observed  from t h e  e a r t t i ,  

w e  s h a l l  p roceed  as.if t h e  i n t e n s i t y  e q u a t o r  c o i n c i d e s  w i t h  t h e  

g e o g r a p h i c  e q u a t o r  and t h a t  t h e  s u b e a r t h  p o i n t  falls o n  t h i s  l i n e  

a t  t h e  c e n t e r  o f  t h e  l u n a r  c o o r d i n a t e  system. Then i f  n̂ i s  t h e  

u n i t  normal  a t  t h e  a r e a  o f  i n t e r e s t  on t h e  l u n a r  surfac:e,  B t h e  



3-44 

l u n a r  l a t i t u d e  of t h e  area, X i t s  l o n g i t u d e ,  and *Q the lunar 

phase angle , one c a n  w r i t e  ( s e e  Figure I O )  : 

- + +  
I = j  

4 A  4 A 
E = j c o s  ’D+I. s i n  g+koi) 

z = I T !  0 

I Making t h e s e  s u b s t i t  i x r , i u n s  in Equation (‘36) t h e  lighr. re f le ; : ted  

i n t o  a t e r r e s t r i a l  c i e t e c t o r  f r o m  a amall regifon of t h e  >urf”a!-e I 
I a-c p o s i t i o n  ( I 9 @ )  on :,hc moon, a t  p h a s e  ang le  cp is 
I 
I 

I 
I &  

I ’  

I I n  t h e  f o r m u l a  w e  have L s e d  t h e  b a c k - s c a t t e r i n g  funct;icrPn 

N o t e  t h a t ,  w h e n  + cg = 0 O o ,  t h e  Lommel-Secliger factor r e q u i r e s  

i ( c p t h  , e )  to be z e r o .  
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F i g u r e  1. Reflect ing a r e a  A showing angle  of incidence i ,  
angle of reflection E ,  angle  a . 

F i g u r e  2.  Incoming path z and outgoing z '  af te r  s c a t t e r i n g  of 
l ight f r o m  a point ver t ica l  d i s tance  y i n  medium. 

Sca t te r ing  a r e a  a and cor responding  empty light tubes.  
0 

F i g u r e  3 .  



F i g u r e  4. F i g u r e  used f o r  de r iv ing  Hapke ' s  photomet l ic  function. 

F i g u r e  5. F i g u r e  for  der iving modified r e t sod i r ec t ive  function. 
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B -a, 
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F i g u r e  7. Col l imator  tube, de t ec to r  a and  viewed area A on 
the lunar  sur face .  

F i g u r e  8.  Relationship be tween  8 ,  i, a, and lunar  lati tude 
longitude X ,  a n d  lunar  phase  angle  . 

A ,  
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CHAPTER I V  

MATHEMATICAL EXPRESSION FOR INFRARED RADIATION 
FROM THE LLIAR SURFACE 

I n t r o d u c t  i o t t  

I n  t h i -  ( h a p t (  t' we : :hal l  g i v e  a h e u r i s t i c  argument l e a d i n g  

t o  a ma themat i ca l  e x p r e s s i o n  for t h e  i n f r a r e d  r a d i a t i o n  e m i t t e d  

f r o m  t h e  l u n a r  s u r f a c e .  A number o f  compar isons  w i t h  e x p e r i m e n t a l  

da ta  o f  P e t t i t  and N i c h o l s o n , '  S i n t o n , 2  and S a a r i  and S h o r t h i l l ,  3 

w i l l  be made. T a b l e s  of t h e  c a l c u l a t e d  e m i t t e d  e n e r g y  a r e  

g i v e n  i n  t h e  Appendix f o r  a n g l e s  o f  i n c i d e n c e  8 0 ° ,  6 0 0 ,  3 0 ° ,  

and Oo, f o r  a n g l e s  of o b s e r v a t i o n  e v e r y  5 O  f r o m  O o  t o  8 5 O ,  and 

for a z i m u t h a l  a n g l e s  between i n c i d e n t  and observed  r a y s  e v e r y  

15" f rom Oo t o  1 8 0 O .  

I n  t h i s  work we do no t  c o n s i d e r  wave leng th  dependence o f  

t h e  e n e r g y ;  o n l y  t h e  t o t a l  e n e r g y  i n t e g r a t e d  ove r  a l l  wave leng ths  

i s  c o n s i d e r e d .  We a l s o  n e g l e c t  s l i g h t  d i f f e r e n c e s  i n  a l b e d o  of  

t h e  d i f f e r e n t  l u n a r  f o r m a t i o n s .  Such d i f f e r e n c e s  between m a r i a  

and t e r r a e ,  for example ,  w i l l  l e a d  t o  t h e  t e r r a e ' s  b e i n g  s l i g h t l y  

c o o l e r  by p e r h a p s  a degree  Ke lv in  or s o ,  u n d e r  t h e  same c o n d i t i o n s  

o f  i l l u m i n a t i o n ,  t h a n  t h e  mar ia .  These d i f f e r e n c e s  a r e  s m a l l e r  

t h a n  t h e  a c c u r a c y  o f  t h e  ma themat i ca l  e x p r e s s i o n  t o  be p r e s e n t e d .  

W e  s h a l l  a l s o  n e g l e c t  d i f f e r e n c e s  i n  t e m p e r a t u r e  between 

morning and e v e n i n g ,  a l t h o u g h  the  da ta  o f  S a a r i  and S h o r t h i l l  

seem t o  i n d i c a t e  t h a t ,  a t  ag iven  a n g l e  o f  i n c i d e n c e  and a n g l e  o f  

o b s e r v a t i o n  t h e  morning b r i g h t n e s s  t e m p e r a t u r e  i s  s i i g h h l y  

w a r m e r  t h a n  t h e  e v e n i n g  b r i g h t n e s s  t e m p e r a t u r e ,  
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Under t h e s e  a s s u m p t i o n s  t h e  a n g u l a r  d i s t r i b u t i o n  o f  

e m i t t e d  r a d i a t i o n  i s  a f u n c t i o n  o n l y  of  t h e  geomet ry  o f  t h e  

i n c i d e n t  and observed  r a y s  w i t h  r e s p e c t  t o  t h e  normal  t o  t h e  

l u n a r  s u r f a c e  a t  t h e  p o s i t i o n  of" t h e  p o i n t  b e i n g  observed  

( see  Figure 3 ) 0  

H e u r i s t i c  D e r i v a t i o n  o f  E x p r e s s i o n  f o r  E m i t t e d  Ene rgy  - 
C o n s i d e r  a v e r t i c a l  c l i f f  o f  h e i g h t  h ,  w i t h  t h e  l i n e  o f  

t h e  c l i f f  c ,  a t  r i g h t  a n g l e s  t o  t h e  s u n P s  r a y s  which i l l u m i n a t e  

t h e  s u r f a c e  a t  a n g l e  o f  i n c i d e n c e  i ,  as i n  F i g u r e  1 ,  The bot tom 

of  t h e  c l i f f  i s  a t  B ,  t h e  edge o f  t h e  shadow i s  a t  S ,  a d i s t a n c e  

BS = h t a n i  f r o m  t h e  c l i f f .  Suppose t h i s  shadow i s  obse rved  f rom 

t h e  a n g l e  o f  o b s e r v a t i o n  E wi th  t h e  phase  a n g l e  g i v e n  by 

Dropping  p e r p e n d i c u l a r  f rom B t o  t h e  r a y s  A E ,  D E '  which d e l i m i t  

t h e  r e g i o n  o f  shadow as observed  f rom t h e  e a r t h ,  w e  see. t h a t  

so 

AB = hsinE 

BD = h t a n i c o w  

AB +BD = h (  t a n i c o e  + s i w  ) 

h hsim 
c o s 1  c o s i  - - -( s i n i c o e  + s i w  c o s i )  = 



, 
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Thus a c l i f f  o f  h e i g h t  h ,  when i l l u m i n a t e d  a t  a n g l e  o f  i n c i d e n c e  

i and observed  a t  a n g l e  c such t h a t  i + E = a s  w i l l  g i v e  r i s e  

t o  a n  a r e a  o f  shadow as p r o j e c t e d  i n  t h e  d i r e c t i o n  o f  obse rva -  

t i o n ,  o f  h s i m / c o s i .  

Cons ide r  t h e  s i t u a t i o n  of F i g u r e  2 ,  i n  which t h e  phase  

a n g l e  i s  g i v e n  by CI = i - F Now t h e  shadowed f a c e  o f  t h e  c l i f f  

i s  n o t  v i s i b l e .  Dropping a p e r p e n d i c u l a r  from S t o  A ,  t h e  d i r -  

e c t i o n  of o b s e r v a t i o n  o f  C e x t e n d e d ,  w e  w i sh  t o  c a l c u l a t e  t h e  

d i s t a n c e  S A .  From t h e  f i g u r e  we have 

BS = h t a n i  

BD = htary 

AF = BDcoe = h s i t x  

SA = BScow -AF = h t a n i c o g  - h s i q  

= hsiruZ/cosi ( 3 )  

which i s  t h e  s a m e  r e s u l t  as b e f o r e .  I n  F i g u r e  2 i f  € > i no 

shadow i s  s e e n ;  i n  f a c t  some of t h e  i l l u m i n a t e d  a r e a  i s  ob- 

s c u r e d  by t h e  t o p  o f  t h e  c l i f f ,  T h e r e f o r e  t h e  e x p r e s s i o n  

h s i m / c o s i  for t h e  p r o j e c t e d  shadow a r e a  i s  n o t  a lways  a 

c o r r e c t  e x p r e s s i o n .  F u r t h e r  p u r s u i t  o f  t h e  c o r r e c t  e x p r e s s i o n  

f o r  a p a r t i c u l a r  model r e s u l t s  i n  a v a r i e t y  o f  compl i ca t ed  

t r i g o n o m e t r i c a l  formulae which a r e  n o t  p a r t i c u l a r l y  e n l i g h t e n i n g ,  

L e t  us  t a k e  t h e  r e s u l t  h s i m / c o s i  l i t e r a l l y  and s e e  what i t  

imp 1 i e  s 
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F i g u r e  1 .  

F i g u r e  2. 

F i g u r e  3 ,  > E a s t  
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Suppose t h a t  t h e r e  w e r e  a l a r g e  number o f  such c l i f f s  

on t h e  l u n a r  s u r f a c e  ,With some c h a r a c t e r i s t i c  d i s t a n c e  between 

them. The f l a t  s u r f a c e  between c l i f f s ,  which i s  i l l u m i n a t e d  a t  

a n g l e  o f  i n c i d e n c e  i and observed a t  phase  a n g l e  3 1 ,  w e  assume 

e m i t s  i n  accordance  w i t h  s o m e  l a w  E ( ~ , F  ,a> ( i n  cal /cm min) .  

Some of  t h e  p r o j e c t e d  a r e a  i s  i n  shadow, and i s  t h e r e f o r e  n o t  

e m i t t i n g .  The l a r g e r  t h e  shadowed a r e a  is ,  t h e  smaller w i l l  be 

t h e  amount of e n e r g y  r e c e i v e d  by t h e  d e t e c t o r .  It seems s e a s o n a b l e  

t o  assume t h a t  t h e  f r a c t i o n  of  shadowed a r e a  i n c r e a s e s  a s  s i w /  

c o s i ,  s o  t h a t  t h e  ene rgy  emi t t ed  i n  t h e  d i r e c t i o n  o f  t h e  

d e t e c t o r  w i l l  be 

2 

where a4 i s  some pa rame te r  determined by t h e  r e l a t i o n s h i p  be- 

' tween c l i f f  h e i g h t s  and d i s t a n c e s  between c l i f f s .  The above ex- 

p r e s s i o n  h a s  some r e a s o n a b l e  c h a r a c t e r i s t i c s :  A t  l a r g e  a n g l e s  

o f  i n c i d e n c e ,  where t h e  shadows a r e  e x c e p t i o n a l l y  long, t h e  t e rm 

a s i m / c o s i  becomes very large arid t h e  e m i t t e d  e n e r g y  becomes 

s m a l l .  A l s o  a t  z e r o  phase a n g l e ,  SI = 0 ,  t h e  c o r r e c t i o n  i n  t h e  

denominator  i s  z e r o ,  s o  t h a t  no shadows would be observed .  

These a r e  c e r t a i n l y  f e a t u r e s  t h a t  would have t o  be p r e s e r v e d  i n  

a more e x a c t  t r e a t m e n t  of t h e  model. The f e a t u r e s  g i v e  t h e  e n e r g y  

some s t r o n g  d i r e c t i o n a l  c h a r a c t e r i s t i c s  e 

4 

The law E ( i , (  ,%) may also have some d i r e c t i o n a l  f e a t u r e s .  

I f  t h e  i l l u m i n a t e d  p o r t i o n  of t h e  s u r f a c e  e m i t s  l i k e  a b l a c k  
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body,  E ( i , c  ,cr) w i l l  be p r o p o r t i o n a l  t o  t h e  e n e r g y  a v a i l a b l e  

p e r  u n i t  a , rea ,  Socos iE ,  where S, i s  t h e  s o l a r  c o n s t a n t ,  O u r  

s t u d i e s  o f  t h e  l u n a r  i n f r a r e d  r a , d i a t i o n  a t  t h e  s u b s o l a r  p o i n t  

i n d i c a t e  that E ( i , F  94 m u s t  a l s o  have some  d i r e c t i o n a l  component 

which h a s  t h e  f o l l o w i n g  z h a r a c t e r i s t i c s  

( a )  The d i r e c t i o n a l  component i s  peaked a t  % = O .  

( b )  It i s  z e r o  when E = n / 2 .  

( c )  It v a r i e s  t r i g o n o m e t r i c a l l y  r a t h e r  t h a n  exponen- 

t i a l l y  o r  a l g e b r a i c a l l y ;  a t  t h e  s u b s o l a r  p o i n t  

i t  behaves  as c o -  o r  c o s .  

These  f e a t u r e s  i n d i c a t e  t h a t  E ( i , F  ,a) might  be o f  t h e  f o r m  

H o w e v e r  t h i s  d o e s  n o t  agree with e x p e r i m e n t s  t o o  w e l l  a t  l a r g e  

a n g l e s  o f  i n c i d e n c e  or o b s e r v a t i o n ,  a p p r o a c h i n g  g o 0 .  F u r t h e r ,  

i t  d o e s  n o t  s a t i s f y  c o n d i t i o n  (2), above.  

T h i s  e x p r e s s i o n  h a s  m o s t  of'  t h e  f e a t u r e s  n e c e s s a r y  f o r  

a good f i t  w i t h  expe r imen t  excep t  t h e  d i r e c t i o n a l  component 

a c o s  d o e s  n o t  v a n i s h  a t  E = 7 / 2  as  i t  shou ld  ( e x c e p t  when i = O ) ,  2 

W e  t h e r e f o r e  assume t h a t  s:)me m o r e  e x a c t  model c a l c u l a t i o n  

w o u l d  g ive  r i s e  t o  such a f u n c : = i o n ,  due p e r h a p s  t o  d i r e c t i o n a l  

r a d i a t i o n  f r o m c r a t e r  bottoms, which v a n i s h e s  a t  = r ~ / 2 ~  W e  have  

t r i e d  t o  i n v e n t  such  f u n c * t i o n s ;  t h e  simples', one i s  o b t a i n e d  by 

r e p l a c i n g  c o a  by c o a l  where 



a r e  t h e  az imutha l  a n g l e s  o f  t h e  i n c i d e n t  and obse rved  i 9 9 ,  
where p 

r a y s ,  r e s p e c t i v e l y ,  measured w i t h  r e s p e c t  t o  some  f i x e d  d i r e c t i o n  

such as t h e  e a s t e r l y  d i r e c t i g n  on t h e  l u n a r  s u r f a c e  ( s e e  F i g u r e  3 ) .  

W e  d i d  n o t  d e r i v e  t h i s  e x p r e s s i o n ,  we s imply  i n v e n t e d  i t ;  

t h e r e  a r e  o b v i o u s l y  a n  i n f i n i t e  number o f  such f u n c t i o n s  o f  which 

t h i s  i s  o n l y  t h e  s i m p l e s t .  One can  e a s i l y  v e r i f y  t h a t  c o a t  h a s  

t h e  t h r e e  c h a r a c t e r i s t i c s  l i s t e d  above E q u a t i o n  ( 5 ) .  

( a )  A t  a = O ,  i=€ and vi=fo s o  u ' = O  and c o s ~ x . ' = l ~  s o  
E 

t h e  peak  o c c u r s  a t  rc.=O and nowhere e l s e .  

( b )  When € = r r / 2 ,  a f= i - r /2  s o  cosryf=0;  t h e  f u n c t i o n  

t h u s '  v a n i s h e s  a t  t h e s e  l i m i t s .  

( c )  The v a r i a t i o n  of  c o q  between t h e s e  e x t r e m e s  

i s  s m o o t h  and t r i g o n o m e t r i c a l  i n  n a t u r e .  

F u r t h e r  s t u d y  i n d i c a t e s  t h a t  t h e r e  i s  an a d d i t i o n a l  

d i r e c t i o n a l  component which i s  n o t  a f f e c t e d  by shadowing o f  t h e  

t y p e  which g i v e s  r i s e  t o  t h e  e x p r e s s i o n  ( 7 ) .  I f  t h e r e  a r e  r o c k s  

l i t t e r i n g  t h e  f l a t  s u r f a c e ,  which a r e  more o r  l e s s  s p h e r i c a l  i n  

shape and each  p a r t  of t h e  s u r f a c e  o f  which e m i t s  l i k e  a b l a c k  

body, t h e n  such a s p h e r i c a l  body would g i v e  r i s e  t o  a n  e m i t t e d  

e n e r g y  p r o p o r t i o n a l  t o  



where la1 i s  t h e  magnitude o f  zhc, phase  a n g l e .  This Snoenberg  

f u n c t i o n  a r i s e s  from i n t e g r a t i o n  slf t n e  eEittsd e n e r g y  f rom a n  

i l l u n i i n a t e d  b l a c k  body a:id takes accoun t  o f  t h e  f a c t  T h a d ,  t h e  

shad3wed p o r t i o n  of t h e  sphere  d o e s  n r t  s m i t ,  W e  m a y  t h i n k  or 
\ 

a c o n t r i b b t f o n  l i k e  t h i s  L S  being  clxe to e i t h e r  r o z k s  l i t t e r i n g  

t h e  h i g h l a n d s  G)Z t o  h i g h  domes an f j  p e a k s  which s h a d o w  t h e m s e l v e s  

t o  a c e r t a i n  e x t e n t .  

With t h i s  a d d i t i o n ,  the e m i t t e d  e n e r g y  I S  w r i s t e n  i n  t h e  

f o r m  per‘ u n i t  s o l i d  a n g l e  

where B ( i , c  , % )  i s  t h e  r a d i a n c e  and c o w  i s  a g e o m e t r i c a l  factor. 

Iem and B w i l l  have p h y s i c a l  d imens ions  o f  ca lu r i e s / cm2min  per 

s t e r a d .  B ( i , C  , % >  will be of t h e  form 

and ah are a d j u s t a b l e  p a r a m e t e r s .  I ’  a 2 9  a3 where a 

To a v o i d  d i f f i c u l t i e s  w h i c h  arise with t h e  e x p r e s s i o n  

* s i m / c o s i  a t  l a r g e  phase  a n g l e s ,  i t  is f u r t h e r  c o n v e n i e n t  t o  

r e p l a c e  t h e  sitn i n  t h i s  e x p r e s s i o n  by s i m ’ .  Since wc‘: have not. 
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‘ c o n s i d e r e d  ove rhangs ,  s l a n t e d  c l i f f s ,  e t c .  s i m / c o s i  c a n  o n l y  

be  c o n s i d e r e d  a f i r s t  approx ima t ion  t o  t h e  c o r r e c t  e x p r e s s i o n  

anyway. 

Our f i n a l  e x p r e s s i o n  f o r  t h e  i n f r a r e d  r a d i a n c e  of  t h e  

l u n a r  s u r f a c e  i s  

a c o s i + a  c o a t  

I + a  sirs ‘ / c o s i  
(10)  

1 2 
B ( i , C  ,a> = -+a3[ (rr-lcxl )coslcx) +sin(Trl] /n  

4 
I 

w i t h  a 1 g i v e n  by E q u a t i o n  ( 6 ) .  
1 

\ 
The argument w e  have g i v e n ,  !Jeading t o  E q u a t i o n  (10 )  can  

c e r t a i n l y  n o t  be c o n s i d e r e d  a n y t h i n g  more t h a n  a c rude  h e u r i s t i c  

a rgument .  H o w e v e r  a s  w i l l  be s e e n ,  by p r o p e r  c h o i c e  of  t h e  

p a r a m e t e r s  

i n f r a r e d  d a t a  can  be o b t a i n e d ,  f o r  t h e  whole moon u n d e r  a l l  

c o n d i t i o n s  o f  i l l u m i n a t i o n  and o b s e r v a t i o n .  

and a4 ,  q u i t e  a n  a c c u r a t e  f i t  t o  t h e  a v a i l a b l e  33 a 2 , a 3  

Four  a d j u s t a b l e  p a r a m e t e r s  m a y  s e e m  l i k e  q u i t e  a f ew;  

however f r o m  t h e  known i n c i d e n t  e n e r g y ,  one c o n d i t i o n  i s  o b t a i n e d  

c o n n e c t i n g  a 

a rgumen t ,  shou ld  be d e t e r m i n e d  i n  p r i n c i p l e  by t h e  r a t i o  o f  

h e i g h t s  of  l a rge  c l i f f s  o r  peaks t o  t h e  d i s t a n c e s  between them. 

The number o f  more -o r - l e s s  s p h e r i c a l l y  shaped r o c k s  on t h e  f l a t  

The c o n s t a n t  ab, a c c o r d i n g  t o  o u r  3‘ and a I va29 

L s u r f a c e s  shou ld  d e t e r m i n e  a q ,  and f i n a l l y  t h e  d i r e c t i o n a l  c h a r a c t e r -  

f t h e  t e r m  a 

bo t toms  o f  

. 

J 

C O ~  sh.ould 2 

s m a l l  c r a t e r s  

be due 

on t h e  

t o  d i r e c t i o n a l  e m i s s i o n  

more-or - less  f l a t  
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With t h e s e  q u a l i t a t i v e  i n t e r p r e t a t i o n s  of t h e  v a r i o u s  

t e r m s ,  w e  now s h a l l  d i s c u s s  t h e  f i t  of  E q u a t i o n  (10 )  t o  t h e  d a t a .  

We o b t a i n e d  a large number of d a t a  o n  r a d i a n c e  f rom t h e  observa-  

t i o n s  of P e t t i t  and Nicho l son ,  S i n t o n ,  and S a a r i  and S h o r t h i l l ,  

and r a n  a l e a s t  s q u a r e s  a n a l y s i s  t o  d e t e r m i n e  ae(i = I , 2 , 3 , 4 ) .  

The v a l u e s  s o  de t e rmined  gave an  rms e r r o r  of  abou t  . O 5  cal/cm mine 

The a c t u a l  va lues  of a 2 9  a3, a4 a l l  a re  r a t h e r  s m a l l  compared t o  

a and t h e  r m s  e r r o r  d o e s  not change s i g n i f i c a n t l y  i f  a 

a re  v a r i e d  by 50% or s o .  

o f  a 

1 

2 

2 '  a39 a4 1 9  

Thelafore  we made f u r t h e r  a d j u s t m e n t s  

and a 4  t o  o b t a i n  b e t t e r  f i t s  t o  c e r t a i n  s e l e c t e d  d a t a .  29 " 3 s  
One datum of  c o n s i d e r a b l e  r e l i a b i l i t y  i s  t h e  i n t e g r a t e d  

2 4 e n e r g y  f rom t h e  s u b s o l a r  p o i n t ,  1,88 cal /cm min. Using t h e  

f a c t  t h a t  a2 ,  

i n t e g r a t e d  e n e r g y  t o  have t h i s  value g ives  t h e  c o n d i t i o n  

a4 a r e  a l l  s m a l l  compared t o  a r e q u i r i n g  t h e  a3 1 ,  

( ' 9 1 )  
1 1 1 2 0.2992 = +-a + 0 , k 0 4 a  --a a + a a 2 1 3 2  3 3 I eb Z I 4="01963a2a40 

3 T h i s  c o n d i t i o n  can  e a s i l y  be s a t i s f i e d  by a d j u s t i n g  a and a 

s l i g h t l y ,  w i t h o u t  s i g n i f i c a n t l y  changing  t h e  r m s  e r r o r o  

2 

The b r i g h t n e s s  d i s t r i b u t i o n  a l o n g  t h e  e q u a t o r  a t  f u l l  moon 

w i l l  be f i t  s a t i s f a c t o r i l y  i f  

a +a 2 3  
I a = 055 0 

The b r i g h t n e s s  d i s t r i b u t i o n  a l o n g  t h e  e q u a t o r  a t  f i r s t  and 

t h i r d  q u a r t e r  moons w i l l  be f i t  a t  large a n g l e s  of  i n c i d e n c e  

p r o v i d e d  a3 = 0.074 ( 1 3 )  
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By p r o c e e d i n g  i n  a s t m i l a r  way, one can  o b t a i n  a number o f  

c o n d i t i o n s  on t h e  p a r a m e t e r s  t o  o b t a i n  good f i t s  i n  t h e  n c r t h -  

s o u t h  d i r e c t i o n  a t  f u l l  moon or q u a r t e r  rnDon, or a t  some chosen  

p o i n t  such a s  t h e  s u b s o l a r  p o i n t ,  and S Q  f o r t h .  These c o c d i t i o n s  

are n o t  a l l  c o n s i s t e n t ,  . _ - e f l e c t i n g  t h e  f a s t  t h a t  E q u a t i o n  ( I O )  

i s  n o t  a p e r f e c t  expresa5,on f o r  t h e  e m i t t e d  r a d i a t i o n .  

A f t e r  examina t ion  r>f  t h e  a v a i l a b l e  d a t a ,  we have s e l e c t e d  

a for which 2 9  a 3 9  4 t h e  f o l l o w i n g  v a l u e s  of t h e  pa rame te r s  a 1 9  a 

(IO) b e s t  r e p r e s e n t s  t h e  l u n a r  i n f r a r e d  r a d i a t i t s c  cinder a l l  

c IS nd i. t i 01, s : 

2 

2 

a, = 0.481 cal/cm min 

= 0.140 cal/cm min a2 
2 a = 0.074 cal/cm min 3 

ab = 0.121 ( 1 4 )  

2 
These g i v e  . I  net  r m s  e r r o r  o f  ,052 cal /cm min. G e n e r a l l y  if one 

o f  t h e  cone*:ints i s  changed t o  produce a b e t t e r  f i t  o f  some 

s e l e c t e d  s u b s e t  o f  t h e  d a t a ,  t h e  agreement  w i l l  be made worse 

somewhe re  e3 se . 

i -  

C o m p a r i  E?Zi-;vi t h  expe r imen t 

Ir. Fi.gures  4 ,  5 ,  6 ,  and 7 we g i v e  compar isons  of t h e  cal- 

c u l a t e d  e n e r g y  w i t h  e x p e r i m e n t a l  d a t a  f o r  c e r t a i n  s e l e c t e d  c a s e s  

which we b e l i e v e  gives  a f a i r  i d e a  o f  how w e l l  E q u a t i o n  (10 )  

a g r e e s  w i t h  exper iment  

In  F i g u r e  4 v a l u e s  o f  n B ( 0 , ~  ,E) 

t o g e t h e r  w i t h  d a t a  ob ta ined  f r o m  S i n t o n 2  and P e t t i t  and 

a r e  p l o t t e d  as a f u n c t i o n  

o f f ,  



b 

1 
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1 
Nicholson .  The agreement  i s  s & t i s f a t s r y  i n  view o f  t h e  wide 

s c a t t e r  i n  t h e  data, e x c e p t  ~ o s s i b l y  a t  v e r y  Parge  ( n e a r  9 0 0 )  

where i t  may bt= p o s s i b l y  not  d e c r e a s e  r a p d i l y  enough. W e  n o t e  

a l s o  t h a t  t h e  d a t a  p o i n t s  t a k e n  f r o m  P e t t i t  and Nicho l son  a r e  

s u b j e c t  t o  a c a l i b r a t i o n  e r r o r  and shou ld  be c ~ r r e c t e d  downwards 

by abou t  9’$e A r e a s o n a b l y  good %it a t  t h e  su .bso la r  p o i n t  i s  

2 d e s i r a b l e  s i n c e  t h e  q u a n t i t y  of e n e r g y  i n v o l v e d  (1.88 caP/cm min)  

i s  g r e a t e r  t h e r e  t h a n  a t  any o t h e r  p o i n t  on t h e  noon .  

1 

i 

I n  Figrrre 5 ,  t h e  c a l c u l a t e d  b r i g h t n e s s  t e m p e r a t u r e s  a l o n g  

t h e  e q u a t o r  a t  f i r s t  and t h i r d  q u a r t e r  m o o n s  are  compared w i t h  

e x p e r i m e n t .  The agreement  i s  q u i t e  good. The l i m i t i n g  value of 

1 7 3 O  for t h e  b r i g h t n e s s  t e m p e r a t u r e  a t  t h e  t e r m i n a t o r  i s  o b t a i n e d ,  

due t o  t h e  p r e s e n c e  o f  t h e  t e r m  i n v o l v i n g  a i n  E q u a t i o n  (20). 

I n  F i g u r e  6 ,  t h e  t h e o r e t i c a l  e x p r e s s i o n  i s  compared w i t h  

3 

o b s e r v a t i o n s  a t  f u l l  moon a long  t h e  e q u a t o r  and i n  t h e  n o r t h -  

s o u t h  d i r e c t i o n s .  Agreement a long  t h e  e q u a t o r  is v e r y  good; in 

t h e  n o r t h - s o u t h  d i r e c t i o n s  however,  t h e  c a l c u l a t e d  b r i g h t n e s s  i s  

a f e w  d e g r e e s  t o o  h i g h .  Agreement h e r e  could be improved by 

d i f f e r e n t  c h o i c e s  o f  a i ( i = l  , 2 , 3 , 4 )  b u t  would s u f f e r  e l s e w h e r e .  

We n o t e  t h e  Parge d e v i a t i o n  sf t h e  d a t a  f r o m  t h e   COS"^^ P a w  

p roposed  by P e t t i t  and Nicholson .  Our e x p r e s s i o n  a t  f u l l  moon 

r e d u c e s  t o  

# 

~ ( i , i , ~ )  = a l c o s i + a  +a  2 3  

( i = e  ) which i s  i n  q u i t e  good agreement w i t h  o b s e r v a t i o n .  
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I n  F i g u r e  7 w e  have p l o t t e d  t h e  c a l c u l a t e d  b r i g h t n e s s  

t e m p e r a t u r e  v e r s u s  o b s e r v a t i o n  f o r  a n o t h e r  ex t r eme  c a s e  a n  a n g l e  

o f  i n c i d e n c e  8 0 ° ,  a t  v a r i o u s  a n g l e s  o f  o b s e r v a t i o n ,  a l o n g  t h e  

l u n a r  e q u a t o r ,  The agreement  i s  s a t i s f a c t o r y ,  

I n  Appendix I V - A ,  complete  t a b l e s  of  t h e  i n f r a r e d  b r i g h t n e s s ,  

de t e rmined  by E q u a t i o n s  ( I O )  and ( I & ) ,  a r e  g i v e n ,  

T a b l e  4-1 g i v e s  o u r  r e s u l t s  on a check  o f  e n e r g y  b a l a n c e  

a t , a  p o s i t i o n  a t  which t h e  ang le  o f  i n c i d e n c e  i s  i. Column 1 

c o n t a  ns  t h e  h e a t  e n e r g y  i n t e g r a t e d  o v e r  a l l  a n g l e s ,  Column 2 

c o n t a i n s  t h e  a v e r a g e  r e f l e c t e d  e n e r g y  a't t h l s  p o s i t i o n  assuming 

a mean normal a l b e d o  of . I O 5  and a mean compact ion  p a r a m e t e r  of 

.50. I n  t h e  t h i r d  column i s  t h e * t o t a l  e n e r g y  l e a v i n g  t h e  l u n a r  

s u r f a c e .  The l a s t  column i s  t h e  a v a i l a b l e  e n e r g y ,  S o c o s i ,  and 

s h o u l d  compare w ~ t h  t h e  e n e r g y  i n  column 4. The agreement  i s  

s e e n  t o  be r e a s o n a b l y  good .  

C o n c l u s i o n s  

A m a t h e m a t i c a l  e x p r e s s i o n  h a s  been p r e s e n t e d  which r e p r e -  

s e n t s  r e a s o n a b l y  w e l l  t h e  i n f r a r e d  component o f  l u n a r  r a d i a t i o n  

u n d e r  a l m o s t  a l l  c o n d i t i o n s  o f  i l l u m i n a t i o n  and o b s e r v a t i o n .  The 

l u n a r  i n f r a r e d  r a d i a t i o n  may be consLdered a s  due ma in ly  t o  

b lack-body r a d i a t i o n  ( f o l l o w i n g  L a m b e r t 4 s  l a w ) ,  s i n c e  t h e  

c o e f f i c i e n t  a ,  

T h e r e  a r e  i n  a d d i t i o n  d i r e c t i o n a l  components ,  which a r e  peaked 

back  toward  t h e  sun i n  t h e  d i r e c t i o n  a = O .  These  a r e  p r o b a b l y  

i s  s o  l a r g e  compared t o  t h e  o t h e r  p a r a m e t e r s .  
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due t o  f e a t u r e s  such as rocks o r  dzmes w h i c h  shadow thempe lves ,  

$he i l l u m i n a t e d  p o r t i o n s  f o l l o w i n g  Lamber tv  s l a w ,  t o  h i g h  cliffs 

o r  peaks  which c a s t  l ong  shadows, and t o  d i r e c t i o n a l  radiation 

f r o m  t h e  bot toms o f  -the craters. 

W e  have n o t  g i v e n  a c m n ~ I e 5 e  model o f  The rough s u r f a c e ,  

b u t  have more or l e s s  i n v e n t e d  a n  e x p r e s s i o n  which f i t s  t h e  data, 

F u r t h e r  w3rk i n  t h i s  problem shou ld  p r o h a b l y  c o n s i d e r  m o r e  i n  

i1etai3. the r a d i a r , i o n  f r o m  J-ach rougn siirf ' d ~ ' e  f e a t u r e s ,  w i t h  a 

v i e w  t o  improving t h e  ma themat i ca l  f o r m  -i' t h e  c o n t r i b u t i o n s  due 

t o  d i r e c t i o n a l  components,  whish h a s  b2 - &  e x p r e s s e d  Through t h e  

( r e a s o n a b l e )  e x p r e s s i o n  ( : I )  and t h e  ( h i g h l v  a r t i f i c i a l )  ex- 

p r e s s i o n  ( 6 ) .  The e f f e c t  of shadowing as e x p r e s s e d  i n  E q u a t i o n  

( 4 )  i s  p r o b a b l y  riot  tao f a r  c f f ,  . 
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Table  4-2 

H e a t  conducted  away f rom Lunar  S u r f a c e  i n  
u n i t s  sf caI/cm2min0 

E x p l a n a t i o n  of  t a b l e :  The e n e r g i e s  are  c a l c u l a t e d  u s i n g  t h e  
formula  d e r i v e d  by  S i n t o n ,  2 

3 
1- 2 r r +  

Fo = -(p) ( k p c ) ?  & Tncos(2n.n8+c n w / n )  

n = O  
1 

where (kpc)T=.OO1 i s  t h e  the rma l  i n e r t i a ,  P i s  The period of  t h e  

moon i n  s e c ,  and Tn and < are given  as f o l l o w s :  n 

= o  
€ 0  

To = 2'lOOK 

T, = 357°K e l  =: -6" 

= +6 € 2  
T2 = 34OK 

T - 3 0 0 ~  F 3  = +I59 3 -  

The angle  3 i s  measured f rom t h e  s u b s o l a r  p o i n t ,  Only values 

a l o n g  t h e  e q u a t o r  are g i v e n ,  w i t h  8 v a r y i n g  f rom -180" a t  l u n a r  
i 

m i d n i g h t ,  t h rough  morning and even ing  back  t o  +180° a t  midn igh t ,  

Fo i s  i n  cal /cm 2 m i n .  . ,- 

3 F O  

-180" - 0 0044 

-175" - 0049 
- a  70" -,so56 
- I  650 -.oo65 
-9600 -.oo75 
-1 55" =* 0085 
- I  500 - ., 0094 
-3 45" -.0100 

-1 40" - ,0102 

-135O -,0101 

e 
-1300 

-1 250 
-1 200 

- 1  350 
- 1  I O "  

-1 05" 
-100" 

-95" 
-900 
-85" 

-vOOY5 
'- 0085 
- .0070 
- 0050 
- .oo26 
- 0 0000 

+ 0029 
+ oO059 
+ ., 0888 

.0117 
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. 6 -- 
-80' 

-75" 
-700 

-650 
- 6 0 ~  

-55^ 

-45" 
-40' 

-35" 
-30" 

- 2 5 0  

-200 

-150 

-100 

- 5" 
00 

5" 
100 

1 5 O  

200 

2 5 O  

30" 

35" 
40° 

4 5 O  
50' 

-50' 

a 
F 

.0143 

.0166 

.0185 

.0 :99  

. {1209 

.0214 

.0214 

.0210 

e 0202 

.0192 

80179 

.0166 

.oa 52 

. O I  25 

.0114 

.0104 

00095 

.0087 

.0080 

.0074 

.0138 

. do67 

.0051 

.0027 

.0059 

.0040 

.0012 

9 

550 
6oc 

6 5  

-_uI_ 

-00 

75" 
80" 

8.5 

90 O 

95" 
1000 

1050 

1150 

I 250 
I 300 

135" 
1 40° 

145" 
1500 

1 5 5 O  
1600 

I 650 

1100 

1200 

1 70° 

1 7 5 O  
1800 

- 0005 

-.0024 

- .0045 

T.0067 

- . O O 8 9  

7.01 1 1  

-.0130 

- .0148 

- SO1 63 
- .0174 
- . O I 8 1  

-e0183 

-.0181 

-.0175 

-.0165 
-.0151 

- . o i l 9  

-.0136 

-.0101 

- SO085 

-.0071 
- ,0059 

- e0049 

- . O O 4 4  
-. 0042 

- . O O 4 4  
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I .  

C a l c u l a t e d  E m i t t e d  E n e r g i e s  f r o m  t h e  Lunar  S u r f a c e  

A z  i m u  t h a 1 
Angle Be- 

c i d e n t  & Magnitude i n  Cal/crn 
tween I n -  Energy  2 

Angle o f  Angle o f  O b  s e  rve d O f  p e r  m i n /  
I n c i d e n c e  O b s e r v a t i o n  R a  y Phase Angle S t e r a d i a n  

80.0 
80.0 
80.0 
80; 0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80 .0  
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80 .0  
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 

0.0 
5.0 

10.0 
15.0 
20.0 
25.0 
30.0 
35.0 
40.0 
45.0 
50.0 
55.0 
60.0 
65.0 
70.0 
75.0 
80.0 
85.0 

0.0 
5.0 

10.0 
15.0 
20.0 
25.0 
30.0 
35.0 
40.0 
45.0 
50.0 
55.0 
60.0 
65.0 
70.0 
75.0 
80.0 
85.0 

n. 0 
5.0 

0.0 
3.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0 .0  
0.9 
0.0 
0 . 0  
0 .0  
0.0 
0.0 
0.0 
0.0 
0.0 

15.0 
15 .0  
1 5 . 0  
15.0 
15 .0  
15 .0  
15.0 
15.8 
15.0 
15 .0  
15.0 
15.0 
15.0 
15.0 
15.0 
15.0 
15.0 
15.0 
30.0 
30.0 

80.0 
85 .0  
90 .0  
9 5 . 0  

100.0 
105.0 
110.0 
115.0 
12@. 0 
125.0  
130 .0  
135.0 
140 .0  
145 .0  
150.0  
155.0 
160.0  
165 .0  

80.0 
84 .8  
89.7 
?4 .5  
99 .3  

104.2  
109 .0  
113.8 
118.6 
123.4  
128.1 
132.8 
137.5  
142.1 
146.6 
150.9 
155.0  
158.8 

80.0 
84.3 

0.0945 
0.0895 
0.0848 
0.0805 
0.0764 
0.0726 
0.0692 
0.0661 
0.0633 
0.0608 
0.0586 
0.0566 
0.0550 
0.0536 
0.0524 
0.0514 
0.0506 
0.0500 
0.0945 
0.0897 
0.0851 
0.0809 
0.0769 
0.0732 
0.0698 
0.0667 
0.0639 
0.0614 
0.0592 
0.0572 
0.0555 
0.0541 
0.0528 
0.051 8 
0.0509 
0.0502 
0.0945 
0.0902 
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Angle o f  
I n c i d e n c e  

80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 

APPENDIX IV-A ( C s n t  i nued  1 - 
Angle o f  

O b s e r v a t i o n  

10.0 
15.0 
20.0 
25.0 
30.0 
35.0 
40.0 
45.0 
50.0 
55.0 
60.0 
65.0 
7’0.0 
75.0 
80.0 
85.0 

0 0  
5.0 

10.0 
15.0 
20.0 
25.0 
30.0 
35.0 
40.0 
45.0 
50.0 
55.0 
60.0 
65.0 
70.0 
75.0 
80.0 
85.0 

0.0 
5.0 

10.0 
15.0 
20.0 
25.0 
30.0 
35.0 
40.0 

A z  i m u t  h a1 
Angle,  e t c .  

30.0 
30.0 
30.8 
30.0 
30.0 
30.0 
30.8 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
45.0 
45.0 
45 .0  
45 .0  
45 .0  
45 .0  
45.0 
45 .0  
45.0 
45.0 
45.0 
45.0 
45.0 
45.0 
45.0 
45.0 
45.0 
45.0 
60.8 
60.0 
60.0 
60.0 
60.0 
60.8 
60.0 
60.0 
60.8 

Magnitude 
o f  

Phase Angle 

88.7 
93 .0  
97 .4  

101.7 
106.0 
110.3 
114.5 
118.7  
122.8 
126.8 
130.7  
134.4 
137.9 
141.2  
144.1 
146.6 

80.0 
83.6 
87.1 
90 .7  
94.3 
97.9 

101.4 
104.9 
108.3  
111.7  
115.0 
118.1  
121.1 
123.9 
126.5  
P 28.9 
131.0  
132.7 

80.0 
82.5 
85.1 
87.7 
90.3 
92.9 
95.5  
98.1  

100.6 

Energy  2 
i n  Cal/cm 
per m i n /  

S t e r a d i a n  

0.0860 
0.0820 
0.0783 
0.0748 
0,071 5 
0.0685 
0.0658 
0.0633 
0.061 1 
0.0591 
0.0573 
0.0557 
0.0544 
0.0532 
0.0522 
0.0514 
0.6945 
0.0909 
0,0874 
0.0839 
8.0806 
0.0775 
0.0745 
0.071 7 
0.0691 
0.0667 
0.0645 
0.0624 
0.0606 
0.0589 
0.0575 
0.0562 
0.0550 
0.0540 
0.8945 
0.0919 
0.0892 
0.0866 
0.0839 
0.081 3 
0.0787 
0.0763 
0.0739 
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A P P E N D I X  IV-A 4 C s n  -.-- t i n u e d l  -- 
Energy 

2 Ma-gni t , ~ ~ d e  in G a l / i : m  
A n g l e  o f  
Inc id e n c; e 

80. 8 
83* 0 
80.0 
80.0 
8 0 . 8  
89.0 
8 8 . 8  
83.0 
8Q0 0 

80.0 
80.0 
80 .0  
80. $2 
g o *  6 
88.9 
80. Q 
80,O 
88. G 
88.0 
80. G 
80 .0  
8C. 0 
80 .  G 
80 .0  
8 0 . 8  
80 .0  
8 0 . 0  
80. C 
8 0 . 8  
8 0 . 0  
83. G 
80.0 
80.0 
80. Q 
80.0 
80.0 
88.0 
8 0 . 0  
80 .0  
8 0 . 0  
8 0 . 0  
80. Q 

-Y_- 

88 .3  
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M a g  n i t ud e 
A n g l e  o f  A n g l e  o f  A z f r n i a t h a l  o f  
I nc idence  Qbservation Angle,-ete, ]Pinaae A r r g l e  
_. 

80.0  
86 .0  
89.0 
8 0 . 8  
80 .8  
80.0 
8 0 . 0  
80- 8 
80 .8  
8 8 . 8  
80 .  Sa 
88 .0  
80.6 
80.0 
88 .8  
80.0 
80. 0 
80,O 
80.0 
80.0 
80.0 
80.0 
80 .0  
80 .0  
80 .8  
80.0 
8 0 . 0  
80.0 
8 0 . 8  
80.0 
8 0 . 3  
80.8 
8 0 . 0  
80 .0  
80.8 
88.0  
80.0 
88 .0  
80 .0  
80.0 
80 .0  
80 .0  
YO. 0 

80, @e 

8 5 . 0  
e .  8 
5.0 
0 

15.0 
26.0 
25.0 
30. Q5 
35.0 
40. Q 
45.0 
58. d 
55, c 
6 2 . 0  
65. a7 
7 0 ,  ccc 
u 5. Q 
8'1. 6, 

85,  e 
8 .  0 
5.0 

110.9 
15.0 
20.0 
25 .0  
36). Q 
35.8 
40.0 
45.0 
50.0 
55.0 
6 0 . 0  
6 5 . 0  

75.0 
80.8 
8 5 . 0  

0 . 0  
5.0 

18.0 
P5.0 
2e.  G 

7 

70.  o 

8 8 . 3  
89. B 
8 0 . 3  
T 8 . ?  
7 7 .  t5 
? b o  5 

d 2.5 
7 4 #  6 
73.0 
73.2 
72 .7  
7 2 -  4 
7 2 .  P 
7 2 . 5  
7 2 .  P 
72* 3 
7 2 . 6  
73 .1  
7 3 . 7  
74.4 
8:". C 
I t .  5 
75 .1  
2 2 . 8  
T U .  6 
68.6  
6li0 6 
64.9 
63.3  
61.9 
6 0 . 7  
59.8 
59. P 
58.7 
58. 5 
58.6 
59. ci 
5 9 . 6  
8C. 6 
"do 5 
73.0  
6 9 . 6  
6 6 . 3  

7 c 

-7 

E ne rgy 
in ~ a ~ / c r n 2  
p e r  min/ 
S t e r a d i a n  

0. c759 
0.0744 
0.0945 
b o  8957 
0 .  E5967 
0.0975 
0.0988 @. O982 
6. C981 
2- 3 w a  
c . 0 9 7 3  
0.2965 
6.1'3955 
8.6943 
o.sCp30 
Q. :9nS 
c. 0900 
6. G884 
2. C867 
0.0 849 
c .  e945 
fl. 09 7 3  
8.0994 
D . P O B 5  
29. P 834 
8 .  P 050  
e .  1063  
8 .  E 07'2 
3.1077 
0.1077 
8 .  B 074 
0.11Q67 
8 ,  P 057 
0.1043 
c e  1 e427 
0 .  P 008  
8.0987 
c .  0965  
0.0945 
0.0981 
IO, 1 OP 7 
0.1853 
0.1086 
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APPENDIX IV-A ( C a n t i n u 4  
__I--- --I__ 

Ene sgy 
Magnitude i n  ~ a ~ / c m 2  

A n g l e  o f  A n g l e  of A a  imut ha 1 o f  p e r  min. /  
I nc idence  Observation A n g . l e , e t c  Phase A n g l e  STerzrfifan 
I 

80 .0  
80.0 
88.0 
80. 0 
80.0 
80 .0  
80.0 
88.0 
80.8 
80.8 
80.8 
80.0 
80.0 
80.0 
88.0 
80.0 
80.0 
80.0 
80.0 
80.0 
810.0 
80.0 
80.8 
80.0 
88.0 
80. G! 
80.0 
80.0 
80.8 
80. 0 
80.0 
80.0 
869.0 
80 .>o 
80.0 
80.0 
80.0 
80.8 
80.0 
80. 0 
88.0 
80. 0 
86). 0 

25.5 
30. ea 
35.0 
40.0 
45.0 
50. e 
55. a 
60.0 
65. &\ 
73.0 
75. c 
83. c 
85. f 

0.9  
5.0 

19.0 
15.3 
20.0 
25.0 
30.3 
35.0 
43.0 
45.0 
53.0 
55.9 
68.8 
65.0 
70.0 
$5.8 
80.0 
85.8 

0.0 
5.0 

10, 0 
15.0 
20.0 
25.8 
3 8 . 8  
35.8 
40.0 
45.0 
50.8 
55.0 

a 35.8 
P 35.0 
135.9 
135,o 
a 35. c 
B 3 5 .  ;; 
1 3 5 . 0  
135.0 
135.0 
135.0 
135.g 
135.2 
135.0 
B50.Q 
150.0 
P5QOO 
150.0 
150.0 
150.0 
150.6 
150. G 
158.8 
150.0 
P 5 C . O  
1150.0 
150.0 
150.0  
15Ci.o 

150.0  
150.0 
165.8 
165.0 
165.0 
165.0 
165.8 
165.0 
165.0 
165.0 
165.0 
165.0 
165.C 
1 6 5 . ~ 3  

p5a.o 

6 3 .  P 
& & I .  P 
57.2  
54.5 
52.0 
49 .8  
4Ye 9 
4 b 0  4 
45 .2  
44.5 
44.1 
4 4 , 3  
44.9 
82 .0  
7 5 0 ‘7 
31.4  
c ; ? .  B 
62 .9  

54.8 
50.8 
47. P 
43 .5  
40. I 
37.8 
34.4 
32.2 
30.6 
29.7’ 
29.5 
38.1 
86.1’3 
75.2  
70.4 
65.5 
68.8 
56.0 
51 .2  
46.5 
41.9 
3 7 . 3  
32.8 
28.5 

58. a 

9.1118 
0.1146 
O O P B 3 B  
0.1198 
3 .  P 264 
0.1211 

1 2 1 1  
2. P 205 
0.1P91 
0.1 P 71 
0.  E. 146 
Q. lPP6 
0 .  P 083 @. a945 
0. 0990 
I:. 1036 
a. 1394 
0.1131 
10.1178 
C. 1224 
8.1267 
0. B 309 
0. P 342 
0. 1 369 
0. P 386 
6.1391 
0. 1 383 
0. P 359 
0.1328 
8.1268 
0. 1 206 
0.0945 
0.0996 
0. P 049 
8.1184 
8.1P61 
0. 1 221 
0.1282 
8. P 344 
8.P4O8 
8.1473 
8.1536 
8 .  P 597 
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APPENDIX IV-A (Continued). - 
Energy 

Magnitude i n  CaE/crn2 
Angle of  Angle of Aa i m u t h a l  O f  per m i n /  
Inc idence  Observat ion AnP’le,etc, Phase Angle Steradian 

80.0 
80.0 
80.0 
80.6) 
80.0 
88.0 
80.0 
80.0 
80.8 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80.0 
80. 8 
80.0 
LO. 0 
60.0 
60.0 
60.0 
60.0 
60.0 
40.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
40.0 
60.0 
60.0 
60.0 
60.0 

60.0 
65,O 
769.0 
75.0 
80.0 
85.0 

0.8 
5 . 0  

10.0 
115.0 
20.0 
25.0 
30.0 
35.0 
40.6 
45.0 
56). 0 
55.0 
60.0 
65.0 
70.0 
75.0 
80.8 
85.0 
0.0 
5.0 

10.8 
15.0 
20.6 
25.0 
30.0 
35.0 
40.0 
45.8 
50.0 
55.8 
68.0 
65.0 
70.0 
75.0 
80.0 
85.0 
0.0 

145.8 
145.0 
165.0 
165.0 
165.0 
145.0 
180.G 
1180.0 
180.6 
180.0 
180.0 
180.0 
180.8 
180.0 
180.0 
180.0 
180.0 
180.0 
180.0 
180.0 
1180.0 
180.0 
180.0 
180.0 

8.0 
8.0 
0.0 
0.0 
8 .8  
0.0 
8.0 
0.0 
0.0 
0.0 
0.8 
0.0 
0.0 
0.8 
0.0 
0.0 
0.0 
0.0 

15.0 

24.4 
20.7 
17.6 
15 .5  
14 .8  
15. 7 
88.0 
75.0 
70.0 
65.0 
60.0 
55.0 
58.0 
45 .0  
40. e3 
35.0 
30.0 
25.0 
20.0 
15 .0  
10.0 

5.8 
0.0 
5.0 

bQ. 0 
6 5 . 0  
70.0 
75.0 
80.0 
85.0 
90.0 
95.0 

108.0 
185.0 
118.0 
115.0 
120.0 
125.0 
138.0 
135.0  
140.0 
145.8 

60.0 

0.1651 
0.1689 
0.1699 
0.1663 
8. 1 566 
0.1486 
0.8945 
0.0998 
0.1053 
6.1111 
0.1172 
8.1237 
0.1304 
0,1375 
0,1451 
0.1534 
0.1625 
0.1728 
0.1850 
0.2081 
0.2201 
0.2493 
0.2975 
0.2235 
0.3021 
0,2925 
0.2834 
0.2746 
0.2663 
0.2585 
0.251 1 
0.2441 
0.2376 
0.2316 
0.2259 
0.2207 
0.2159 
0.2115 
0.2075 
0.2039 
0.2006 
0.1977 
0.3021 
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APPENDIX IV-A I C s n t i n n e d )  
_p_- 

Energy 
Magnitude i n  C a  1/c.m2 

A n g l e  o f  A n g l e  sf A z  imua ha 1 o f  per m i n /  
I nc idence  O b s e r v a t i o n  An&I,erc  - _ay 

60.0 
60.0 
60.8 
60.0 
60.0 
60,0 
60 .0  
6G. 0 
60.0 
60 .8  
60.0 
60.0 
60 .0  
60.0 
66.0 
60 .O 
60.0 
co.  0 
61"..0 
60.0  
60.0 
hC. 0 
6 C . O  
62 .8  
6 G .  0 
k3 .0  
60.0 
60.0 
6 : , 0  
CPL, 3 
60.0 
61s. 0 
60.  a 
60.0 
6@.  C 
640. 6 
60.8 
60.0 
68.0 
60.0 
60.0 
60.0 
fC.0 

5.0  
10 .8  
15 .0  
20. ci 
25*  3 
3@. 0 
35.8 
40. c 
45.0 
50.8 
55.0 
60.0 
65.0 
70.0 
75. G 
80 .  e 
85.0 

0.0 
5.0 

10.0 
l5.L 
28.0 
25.0 
30.8 
35.8 
40.0 
45.0 
58.8 
55. e 
60.0 
65.8 
79.8  
75.0 
88.0 
85.0 
Q. 0 
5.3 

18.8 
15.8 
20. Q 
25.0 
3 0 .  Q 
3 5 .  a 

15.0 
15,O 
I j e C  
95.0 
15.0 
l 5 * 0  
15.0 
6 5 . q  
115.0 
15.0 
: 5.:; 
115,L1 
15.f)  
i5.0 
95.0 
P 5. :I 

15.0  
3 @ .  0 
30.0 
30.0 
30.9 
38.C 
30.3 
30.0 
32.2 
33.0 
30.3  
30.0 
38.0 
30.0 
30.0 
30.0 
3Q. 0 
3c .  0 
30.0 
45.0 
45.0 
45 ,o  
45.08 
45.0 
45.2 
45. f? 
45.0 

64.8 
6 9 e  7 
74.5 
79 .4  
8 4 . 3  
89 .2  
94 .0  
95 .9  

1d3.8 
BC8.6 
1 1 3 . 5  
118 .3  
823.1 
128.0 
1 3 2 . 7  
1 3 7 . 5  
142 .2  

60.0 
64.4 
68.8 
7 3 . 2  

7 
82.2  
86. 7 
9 1 . 2  
95. a 

100.2 
104 .7  
1W.E 
113.5  
117.9 
122 .3  
126. 5 
138.7 
1134. a 

60.0 
63.6 
63.3 
71. 1 
74.9 
'78.8 
82 .  a 
86.7  

0.2928 
0.2839 
0. 27'53 
0.2671 
8.2594 
0.2520 
8.2451 
0.2386 
8.2325 
0.2269 
8.221 6 
8.2168 
0.21 23 
0.2083 
C.  2846 
3.281 2 
0.1382 
0.3821 
0.29 37 
0.2854 
0.2733 
8.2696 
0.2621 
0.2549 
0.2481 
0.241 6 
0.2355 
0.2298 
0.2244 
0.2194 
0.2148 
8.2105 
0.2066 
8.2030 
0.1998 
0.3021 
0 .2951  
0.2879 
0.2801 
0.2736 
0.2666 
0.2597 
0.2531 
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APPENDIX IV-A ( C o n t i n u e d )  
Ene rgy  

Magnitude i n  Cal/cm2 
Angle o f  Angle o f  Az imu t h a1 o f  p e r  min/ 
I n c i d e n c e  O b s e r v a t i o n  A n g l e  , e t c ,  Phase  A n g l e  S t e r a d i a n  - 

60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 

, 60.0 

60.0 
60.0 
60.0 

I 60.0 

40.0 
45.0 
50.0 
55.0 
60.0 
65.0 
70.0 
75.0 
80.0 
85.0 
0.0 
5.0 

10.8 
15.0 
20.0 
25.0 
30.0 
35.0 
40.0 
45.0 
50.0 
55.0 
60.0 
65.0 
70.0 
75.0 
80.0 
85.0 

0.0 
5.0 

10.0 
15.0 
20.0 
25.0 
30.0 
35.0 
40.0 
45.0 
50.0 
55.0 
60.0 
65.. 0 
70.0 

45.0 
45.0 
45.0 
45.0 
45.0 
45.0 
45.0 
45.0 
45.0 
45.0 
6@. 0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
68.0 
60.0 
75.0 
75.0 
75.0 
75.0 
75.0 
75.0 
75.0 
75.8 
75.0 
75.0 
15,o 
75.. 0 
75.0 
75.0 
75.0 

90 .6  
94 .6  
98 .5  

102.4  
106.3  
110.1 
113.9 
117.5 
121.1  
124.5  

60.0 
62.6 
65.3 
68.2 
71.2 
74.3 
77.5 
80. 7 
84.0 
87. 3 
90 .6  
93.9 
97 .2  

100.4  
103.6 
106.8 
109.9 
112.8 

60.0 
61.4 
63.0 
64.9 
66.8 
69.0 
71.3 
73.7 
76.2 
78.8 
81.4 
84.1 
86.8 
89.5 
92.3 

0.2467 
0.2406 
0.2348 
0.2293 
0.2241 
0.2192 
0.2146 
8.2184 
0.2064 
0.2028 
0.3821 
0.2970 
0.291 3 
0.2854 
0.2’792 
0.2729 
0.2666 
0.2603 
0.2541 
0.2481 
0.2422 
0.2365 
0.2310 
0.2258 
0.2289 
0.2162 
0.2118 
0.2076 
8.3021 
0.2992 
0.2955 
0.2912 
0.2864 
0.281 2 
0.2756 
0.2699 
0.2640 
0.2581 
0.2521 
0.2463 
0.2405 
0.2349 
0.2294 
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APPENDIX IV-A (Con t inued)  - 

t 

Angle o f  
I n c i d e n c e  

60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 

Magnitude 
Angle o f  A z  imu t ha 1 o f  

75.0 75.0 9 5 . 0  
80.8 75.0 97.7 
85.0 75.0 180.4 

0.0 90.0 60.0 
5.0 90.0 60.1 

10.0 90.0 60.5 
15.0 90. a 61.1 
20.0 90.0 62.0 
25.0 90.0 63. P 
30.0 90.0 64.3 
35.0 90.0 65.8 
40.0 90.6 67.5 
45.0 90.0 69.3 
50.0 90.0 71.3 
55.0 90.0 73.3 
60.0 90.0  75.5 
65.4) 90.6 77.8 
78.0  90.0 80.2 
75.0 90.0 82.6 
80.8 90.0 85.0 
85.8 90.3 87.5 

0.. 0 105.0 60.0 
5. G 105.0 58.8 

1 8 . 0  105.0 57.9 
15.0 185.0 57.2 
20.0 105.0 56.9 
25.0 105.0 56.8 
30.0 105.0 57.0 
35.0 105.0 57.4 
40.0 185.0 58.2 
45.0 105.0 59.2 
50.0 185.0 60.5 
55.0 105.0 61.9 
60. Q 105.0 63.6 
65.0 105.0 65.5 
70. 0 105.0 67.6 
75.0 105.0 69.8 
88.0 105.0 72.1 
85.0 105.0 74.5 

0.0 120.0 60.0 
5.0 120.0 57.6 

10.0 120.0 55.4 
15.0 120.0 53.5 

O b s e r v a t i o n  Angle 9 e t r , .  Phase Angle 

Energy 
i n  Cal/cm2 

p e r  min/ 
S t e r a d i a n  - 

0.2242 
0.2192 
0.2144 
0.3021 
0.301 7 
0.3003 
0.2981 
0.2950 
0.2913 
0.2869 
0.2820 
0.2766 
0.271 0 
0.2651 
0.2590 
0.2529 
0.2467 
0.2406 
0.2346 
0.2287 
0,2230 
0.3021 
0.3043 
0.3055 
0.3057 
0.3049 
0.3032 
0.3004 
0.2968 
0.2924 
0.2872 
0.2814 
0.2752 
0.2686 
0.261 7 
0.2546 
0.2475 
0.2403 
0,2333 
0.3021 
0.3067 
8.31 06 
0.31 36 
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APPENDIX IV-A &ont  i n u e d )  
Energy 

Magnitude i n  C a l / c r n 2  
A n g l e  o f  A n g l e  o f  A z  i m u  t ha 1 o f  p e r  m i n /  
Incidence O b s e r v a t i o n  A n g l e  , e t c .  Phase A x l e  S t e r a d i a n  

60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60. G 
60. C 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60. 0 
60. 0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
6s. 0 
60.0 
60.0 
60.0 
60.0 

20.0 
25.0 
30.0 
35.0 
40.0 
45.0 
50.0 
55.0 
60.6 
65.0 
70.6 
75.0 
80.0 
85.0 

8.0 
5.0 

18.0 
15.0 
26.0 
25.0 
30.0 
35. Q 
40.3 
45. 0 
50.0 
55. Q 
60.0 
65.0 
70.0 
75.0 
88.0 
85.0 

0.0 
5.0 

10.0 
15.0 
20.0 
25.0 
30.0 
35.0 
40. a 
45.0 
50.6 
55.0 

120.0 
120.0 
128.0 
120.0 
120.0 
120.10 
120.6 
123.0 
128.0 
120.0 
123.0 
1 20.0 
lL2cr.B 
125.Q 
135.0 
135.0 
135.r) 
135.C~ 
135.0 
135.3 
135.0 
135.8 
135.0 
135.8 
135.0 
1 35. Q 
135.0 
135.0 
135.0 
135.6) 
135.0 
135.0 
150.0 
150.8 
150.0 
P 50.0 
150.8 
150.0 
150.0 
150.0 
i50 .0  
150.0 
150.0 
150.0 

51.8 
50.5 
49.5 
48.9 
48.6 
48.7 
49.2 
50 .1  
51.3 
52.9 
54.7 
56.8 
59.1 
61.6 
6 0 . 0  
56.5  
53.2 
50.1 
47 .2  
44.6 
42 .3  
40.5 
39.0 
38.1 
37.8 
38.0 
38.7 
40.0 
41.7 
43.9 
46.4 
49.2 
60.8 
55. a 
51.5 
47.4 
43.4 
39.6 
36.1 
32.9 
30.1 
27.9 
26.4 
25.7 

0.3156 
0.3165 
0.  %Lbl 
0.31 45 
0 .  314.5 
0.307c 
0.3022 
0.2958 
0.2886 
0.2807 
0.2722 
0.2633 
0.2542 
0.2449 
3.3021 
0.3089 
0.3154 
0.321 2 
0.3264 
0.3305 
0. 3334 
8.3349 
0.3347 
3.3326 
0.3287 
0.3228 
0.3152 
0.3059 
Q. 2953 
0.2835 
0.2710 
0.2579 
0.2031 
3.31 87 
0.3193 
0.3277 
0.3359 
0,3436 
0.3506 
0.3564 
0.3607 
0,3628 
0.3624 
0.3589 
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APPENDIX IV-A (continued2 

Angle of 
Incidence 

60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60 :O 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
60.0 
68.0 
60.0 
30.0 
30.0 

Angle of 
Observation 

60.8 
65.0 
70.8 
75.0 
80.0 
85.0 

0.0 
5.8 

16;. 0 
15.0 
28.0 
25.0 
30.0 
35.0 
40.0 
45.0 
50.0 
55.0 
60.0 
65.0 
70.0 
75.6 
85.0 
85.0 

0.0 
5.0 

18.8 
15.0 
20.0 
25.8 
30.0 
35.0 
40.0 
45.8 
50.8 
55.0 
60.0 
65.0 
70.0 
75.0 
80.0 
85.8 

0.0 
5,O 

Ax imu t ha 1 
Angle e t c  ., 

150.0 
150.0 
158.3 
150.0 
1515.8 
150.0 
165.0 
165.0  
165.0 
165.0 
165.0 
165.0 
165.0 
165.0 
165.0 
165.0 
165.0 
165.0 
l 65 .Q  
165.0 
165.0 
165.0 
165.8 
165.0 
180.0 
189.0 
188.0 
180.0 
180.0 
180.0 
180.0 
186.0 
188.0 
180.0 
180.0 
180.0 
180.0 
188.8 
180.0 
180.0 
188.0 
188.8 

c .  0 
0 .0  

Magnitude 

Phase Angle 

25.9 
27.0 
28.9 
31.4 
34.4 
37.7 
60.0 
55.2 
50.4 
45.6 
48.9 
36.2 
31.6 
27.2 
23.0 
19.1 
1 5 . 8  
13 .6  
13 .0  
14 .2  
16.8 
20.4 
24.4 
28.7 
40.0  
55.0 
50.0 
45.0 
40 .0  
35.0 
30.0 
25.0 
20.0 
15.0 
10 .8  

5.0 
0.0 
5.0  

10. 0 
15.0 
20.0 
25.0 
30.0 
35.0 

of 

Energy 2 
in CaI/cm 
per min/ 
- Steradian - 

0.3528 
0.341 8 
0.3284 
0.31 22 
0.2936 
0.2734 
@, 3021 
0.3118 
0.321 8 
0.3321 
8.3427 
0.3534 
0.3642 
0.3749 
0.3850 
0.3941 
0.4010 
8.4042 
0.401 8 
0.3926 
0.3766 
0.3544 
0.3265 
8.2937 
0.3021 
0.31 22 
0.3227 
0.3337 
0.3451 
0.3571 
0.3696 
0.3826. 
0.3962 
0.41 0 4  
0.4250 
0.4398 
0.4545 
0.4376 
0.41 52 
0.3865 
0.351 0 
0.3084 
0.5681 
0.5559 
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30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 

10.0 
15.8 
20.0 
25.0 
30.0 
35.0 
48.0 
45.8 
50.0 
55.0 
60.0 
65.0 
70.0 
75.0 
88.0 
85.0 
0.0 
5.0 
10.0 
15.0 
20.0 
25.0 
30.8 
35.0 
48.0 
45.0 
50.0 
55.0 
60.8 
65.0 
70.0 
75.0 
80.0 
85.0 
0.0 
5. Q 
10.0 
15.0 
20.0 
25.0 
30.0 
35.0 
40.0 
45.0 

8.8 
Q. 8 
0.0 
0.0 
0.0 
0.8 
0.0 
0.0 
0.0 
0.0 
0. 0 
6.0 
0.0 
0.0 
0.0 
0.0 
15.0 
15.Q 
15.1) 
15.0 
15.0 
15.0 
15.6 
15.0 
15.0 
15.0 
15.8 
15.0 
15.0 
15.0 
15 .a 
15.0 
15.0 
15.Q 
30.0 
30.0 
30.0 

30.8 
30.0 
30.0 
30.8 
30.0 
30.8 

30. a 

48.0 
45.0 
58.0 
55.0 
68.0 
65.0 
70.0 
75.0 
86.0 
85.0 
90.0 
95.6 
100.0 
185.0 
110.0 
115.0 
30.0 
34.9 
39.7 
44.6 
49.6 
54.5 
59.4 
64.4 
69.3 
74.3 
79.2 
84.2 
89.2 
94.1 
99.1 
104.0 
109.6 
113.9 

50.8 
34.4 
39.0 
43.6 
48.3 
53.0 
57.8 
62,5 
67,4 
72,2 

0.5434 
0.5309 
0.51 84 
0.5059 
0.4936 
0.4816 
0.4697 
0.4583 
0.4471 
0.4364 
0.4260 
0.4162 
0.4067 
0.3978 
8.3894 
0.3814 
0.5681 
0.5562 
0.5440 
0.5317 
0.5193 
Q. 5078 
0.4947 
0.4827 
0.4709 
6.4594 
0.4482 
Q. 4374 
0.4270 
0.4171 
0.4076 
0.3985 
0.3900 
0.3819 
0.5681 
0.5573 
0.5459 
0.5342 
0.5222 
0.51 02 
0.4981 
0.4862 
0.4744 
0.4628 

- APPENDIX IV-A ( C o n t  inu& 
Energy  

I Magnitude i n  C a l / c m  
Angle o f  A n g l e  o f  A z i m u t h a l  o f  p e r  m i n /  
-- Inc idence  O b s e r v a t i o n  A n g l e , e t c .  Phase A n g l e  S t e r a d i a n  - 

i 



, 
i 
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APPENDIX IV-A (C s n t  i n u d  -- Is----_. 

Energy  
Magniiutie i n  Cal/cm2 

Angle o f  Angle o f  Azimuthal  o f  p e r  min/ 
I n c i d e n c e  O b s e r v a t i o n  A n p l e  9e'r,c. Phase: A w l e  S t e r a d i a n  u_L --. 

I,--- -- 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
3 0 . 0  
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
38.0 
30.0 
36). 0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 

30.0 
30.0 
30.0 
30.0 
30.0 

A 

t 30.0 

50.0 
55.8 
60.0 
65.0 
70. c 
75.0 
80. SS 
85.0 
0.0 
5.0 
18.0 
15.0 
28.0 
25.0 
36.0 
35.0 
40.0 
45.6 
50.0 
55.0 
60.0 
65.0 
70.0 
7s. 0 
80.0 
85.0 

8.0 
5.8 
18. a 
15.0 
20. @ 
25.0 
30.0 
35.0 
40.0 
45.0 
50.0 
55.0 
60.0 
65.0 
70.0 
75.0 
80.0 
85.0 

3'1.0 
30. Q 
36.0 
3 Q .  0 
3ri , 3 
30. cp 
35. c 
3 0 . 0  
45. 
45.0 
45.0 
45.0 
4 5 . 0 
45.0 
45.0 
45.0 
45. Q 
45.0 
45.0 
45.0 
45.0 
45.0 
45.0 
45.0 
45.0 
45. @ 
60.0 
60. S? 
60.8; 
60.0 
60.0 
60 .0  
60 .0  
60.0 
68.0 
60.0 
60.0 
60.0 
60.0 
60.8 
60.0 
60.0 
60.0 
60.0 

7 7 . 0  
R L , 8  
86. J 

9 i . 5  
9b. 4 

189. i! 
106.6 
P I C . 8  

3':. 0 
33.7 
37.7 
41.8 
46.1 
50.5 
53.0 
59.6 
64. P 
68.8 
73.4 
78.0 
82.7 
87.4 
92,1 
96,7 
10P.4 
106.1 
30.0 
32.8 
36.0 
39.5 
43.3 
4'1.2 
51.3 
55.5 
59.8 
64.2 
68.6 
73.0 
77.5 
82.0 
86.5 
91.0 
95.5 
100.0 

I- 

0.4515 
0.4406 

0.4198 
'4.4100 
0.4007 
0,3919 
0.3835 
0.5681 
0.5590 
0.5489 
0.5382 
0.5270 
0.51 55 
0.5037 
0.4920 
0.4802 
0.4686 
3.4571 
0.4459 
0.4350 
0.4244 
0.4142 
63.4c45 
0.3951 
0,3862 
0.5681 
0.561 3 
8.5530 
(1.5437 
0.5336 
0.5229 
0.5113 
0.5002 
0.4885 
0.4768 
0.4651 
0.4535 
0.4422 
0.431 0 
0.4202 
0.4098 
0 .3997  
0.3901 

0.4300 



4-36 

P A P P E N D I X  IV-A - & o n t  i n u e d )  
Ene rgy  

I Magnitude i n  C a l / z m 2  
Angle of Angle o f  A z  i m u  t h  a 1 o f  p e r  m i n /  
I n c i d e n c e  --I Observa t ion  Angle ,etc. Phase Angle S t e r a d i a n  

J 

30.0 
38.0 
38.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
38.0 
30.0 
38.0 
30.0 
35.8 
38.01 
38.0 
30.0 
38.0 
30.0 
38. Q 
30.0 
30.0 
30.0 
31). 8 
30.8 
30.0 
30.0 
32". 0 
30.0 
3 0 . 0  
30.0 
30.0 
38.0 
30.0 
30.8 
30.0 
30.0 
30.6 
30.0 
30.0 

0.8 
5.8 

10.0 
15.0 
20.0 
25.8 
30.14 
35.9 
40.0 
45.8 
58.8 
55.0 
60.6 
65.0 
70.0 
75.0 
88.0 
85.0 

0.8 
5.8 

10.8 
15.8 
28.0 
25.0 
38. e 
35. (9 

40.0 
45.0 
50.0 
55.0 
60.0 
65.0 
30.0 
75.0 
80.0 
85.0 

0.0 
5. Q 

10.8 
15.0 
20.0 
25.0 
30.0 
35.0 

75.0 
75.8 
75.8 
75.0 
75.0 
75.8 
75.0 
75. @ 
75.0 
75.0 
75.0 
75.0 
75.0 
75.0 
75. Q 
75.0 
35.8 
75.0 
90.0 
9 G . O  
90 .0  
9O.G 
98.0 
90.8 
90.0 
98.0 
98 .  ea 
9 0 . 0  
90 .0  
90 .0  
90.0 
90.0 
9 0 . 0  
90.0 
90.0 
96.0 

105.0 
105.0 
105.0 
105.8 
105.0 
105.6) 
105.0 
105.0 

30. 0 
31.6 
33.9 
34.6 
39. a 
43.1 
46.7 
58.6 
54.5 
58.6 
62.8 
67.0 
71.3 
75.6 
79.9 
84.3 
88.7 
93. 1 
38.0 
30.4 
31.5 
33.2 
35 .5  
38. 3 
41.4 
44.8 
48.4 
52.2 
56.2 
60.2 
64.3 
68.5 
'72.8 
77.8 
81.4 
85.7 
38.8 
29.1 
28.9 
29.5 
30.9 
32.9 
35.4 
38.4 

8.5681 
0.5648 
0.5581 
0.5507 
0.5420 
0.5324 
0.5219 
0.5108 
0.4993 
0.4875 
0.4756 
0.4635 
0.451 6 
0.4397 
0.4281 
0.41 6 7  
0.4057 
0.3950 
0.5681 
0.5671 
0.5639 
0.5588 
0.5520 
0.5438 
0.5344 
8.5239 
0.51 27 
0.5009 
0.4886 
0.4761 
0.4633 
8.4504 
0.4379 
0.4253 
0.41 30 
0.4010 
0.5681 
Q. 5782 
0.5701 
(4.5678 
0.5634 
0.5570 
0.5489 
0.5394 
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APPENDIX IV-A (Con t inued)  
Y-- 

Energy  
4 Magnitude i n  C a l / c m 2  

Angle of Angle o f  Azimuthal o f  per min/ 
I n c i d e n c e  O b s e r v a t i o n  A n ~ l e ~ _ t c .  PhaseA;gle S t e r a d i a n  

J 

30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.8 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 

30.8 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 

30. Q 

40.0 
45.0 
50.0 
55. Bp 

60.0 
65.0  
78.0 
75. Q 
80. 0 
85.0 

0.0  
5.0 
10.0 
15.0 
20.0 
25.0 
30.0 
35.0 
40.0 
45.0 
50.0 
55 .0  
60.0 
65.0 
70.0  
75.0 
88.0 
85.0 

0. Q 
5.0 
18.0 
15.8 
20.0 
25.0 
30.8 
35. 0 
40.0 
45.0 
58.0 
55.0 
60.0 
65.0 
76.8 
75.0 

105.6 
105.0 
105.0 
105.0 
105.0 
165.0 
105.6” 
105.0 
105.0 
105.0 
120.0 
120.0 
120.0 
120.0 
1 20.0 
12Q. 0 
120.0 
128.0 
128.0 
120.0 
120.0 
120.0 
120.0 
120.0 
B26.0 
120.0 
120.0 
120.0 
135.0 
135.0 
135.0 
135.83 
135.0 
135.8 
135.0 
135.Q 
135.0 
135.0 
135.8 
135.8 
135.0 
135.0 
135.0 
135.0 

41.7 
45.3 
49.8 
52.9 
5 7 . 0  
61.1 
65.  3 
69.6 
73.9 
78.2 
30 .0  
27.8 
26.3 
25.7 
25.9 
27. I 
29.0 
31.5 
34.5 
3’1.9 
41.6 
45.5 
49.5 
53. a 
57.9 
62. 2 
66.6 
71.1 
30.0 
26.7 
23.9 
21.9 
20.8 
20 .9  
22.1 
24.2 
27.0 
30.4 
34.2 
38.2 
42.3 
46.7 
51.1 
55.6 

0.5286 
8.51 69 
0.5843 
0.491 1 
0.4775 
ET. 4636 
0.4495 
0.4355 
8.421 5 
0.4078 
Q. 5681 
0.5733 
6.5765 
8 . 5 7 7 3  
0.5757 
0.5716 
9.5653 
0.5569 
0.5468 
0.5352 
0.5224 
0.5886 
0.4939 
0.4787 
0.4630 
0.4470 
0.4310 
0.41 51 
63.5681 
0.5741 
a. 5823 
8.5865 
0.5882 
0,58&9 
8.5828 
0.5359 
0.5666 
0.5553 
0.5423 
0.5297 
0.51 20 
0.4952 
0.4777 
6.4595 



4-38 

APPENDIX IV-A ( C o n t i n u e d )  
E n e r g y  

3 Magnitude i n  Cal/cm2 
Angle of  Angle o f  AF i m u t  h a 1  o f  p e r  min/ 
I n c i d e n c e  O b s e r v a t i o n  A n g l e , e t c .  Phase Angle S t e r a d i a n  

w 

J 

30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30. Q 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
m. 0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 

80.0 
85.0 

Q*%- 
5.0 

10.0 
15.0 
20.0 
25.0 
30.0 
35.0 
40.0 
45.0 
50.0 
55 .o 
6s. 0 
65.0 
70.0 
75.0 
80.0 
85.0 
0.0 
5.0 
10.0 
15.0 
20.0 
25.0 
30.0 
35.0 
40.0 
45.0 
50.0 
55.0 
60.0 
65.0 
70.0 

80.0 
85.0 
0. 0 
5.0 
10.0 
15.0 
20.0 

75.0 

135.0 
135.0 
150.0 
150.0 
150.0 
150.0 
150.0 
150.0 
150.0 
150.0 
150.0 
150.0 
150.0 
150,O 
150.0 
150.0 
150,O 
150.0 
150.0 
150.0 
165.0 
165.0 
165.0 
165.0 
165.0 
165,O 
165.0 
165.0 
165.0 
165.0 
165.0 
165.0 
165.0 
165.0 
165.0 
165.0 
165.0 
165.0 
180.0 
180.0 
180.0 
180.0 
180.0 

(2. 

60.1 
64.7 
30.0 
25.8 
21.9 
18.5 
15.9 
14.6 
14.9 
16.7 
19.7 
23.3 
27.3 
31.6 
36.1 
40.7 
45.3 
50.0 
54.8 
59.5 
30.0 
25.2 
20.5 
15.9 
11.8 
8.5 
7.5 
9.5 
13.1 
17.5 
22.1 
26.8 
31.6 
36.5 
41.4 
46.3 ~ 

51.2 
56.2 
30.0 
25.0 
20.0 
15.0 
10.0 

0.441 1 
0.4225 
0.5681 
0.5782 
0.5872 
0.5947 
8.5999 
0.6020 
0.6004 
0.5950 
0.5865 
0.5753 
0.5619 
0.5467 
0.5298 
0.5116 
0.4921 
0.471 7 
0.4507 
0.4292 
0.5681 
0.5796 
0.5905 
0.6005 
0.6092 
0.61 53 
0.6168 
0.61 24 
0.6035 
0.5918 
0.5778 
0.561 7 
0.5439 
0.5244 
0.5034 
0.481 2 
0.4850 
0.4342 
0.5681 
0.5801 
0.591 7 
0.6027 
0.61 30 
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- APPENDIX IV-A (Con t inued)  
E ne rgy 

Magnitude i n  Cal/crn2 
Angle o f  Angle o f  Azimuthal  Qf per  m i n /  

a I n c i d e n c e  O b s e r v a t i o n  Angle , e t s a  Phase Angle Ster__a_dian 

J 

30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 
30.0 

0.0  
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.  e, 
0.0 
0.0 
0.0 
0.0 
0.0  
0.0 
0.0 
0.0 
0.0 
0.0 

25.0 

35.0 
48.0 
45.0 
50.0 
55.0 
60.0 
65.0 
70.0 
75.0 
80.8 
85.0 

0. 0 
5.0 

10.0 
15.0 
20.0 
25.0 
30.0 
35.0 
40.0 
45.0 
50.0 
55.0 
60.0 
65.0 
70.0 
75.0 
80.0 
85.0 

30. o 
180.0 
180.3 
18Q.0 
180.8 
180.0 
180.0 
180.0 
180.0 
180. Q 
180.0 
180.0 
18Q. 0 
180.0 

I?. 0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0 .  Q 
0.0 
8.0 
0 . n 
0.0 
0 . 0  
0.0 
0.0 
0.0 
0.0 
0.0 

. 5.0 
0.0 
5.0 

10.0 
15.0 
20.0 
25.8 
30.0 
35.8 
40.0 
45 .0  
50.0 
55.0 

0.0 
5. a 

10.0 
15 .0  
20.0 
25.0 
30.0 
35.0 
40.0 
45.0 
50.0 
55.0 
60.0 
65.0 
70.0 
75.0 
80.0 
85.0 

0.6223 
0.6304 
0.6220 
0.6114 

0.5842 
0.5677 
0.5494 
0.5294 
0.5078 
0.4849 
0.4609 
0.4361 
0.695C: 
0.6878 
0.6792 
0.6693 
0.6583 
0.6462 
0.6333 
8.619’7 
0.6054 
0.5905 
0.5753 
0.5598 
0.5442 
0.5285 
0.51 29 
0.4974 
0.4822 
0.4674 

0.5988 


